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ABSTRACT 
The development of Retarding Potential Analyzers (RPAs) capable of measuring high-
density stationary and flowing plasmas is presented.  These new plasma diagnostics address the 
limitations of existing RPAs and can operate in plasmas with electron densities in excess of 
1x1018 m-3. Such plasmas can be produced by high-powered Hall Thrusters, Pulsed Plasma 
Thrusters (PPTs), and other plasma sources.    
 The Single-Channel micro-Retarding Potential Analyzer (SC-µRPA) developed has a 
minimum channel diameter of 200 µm, electrode spacing on the sub-millimeter scale and can 
operate in plasmas with densities of up to 1x1017 m-3.  The electrode series consists of 100 µm 
thick molybdenum electrodes and Teflon insulating spacers.  The alignment process of the 
channel, as well as the design and fabrication of the stainless steel outer housing, the Delrin 
insulating tube, and all other µRPA components are detailed.  To expand the applicability of the 
SC-µRPA to densities above 1x1018 m-3 a low transparency Microchannel Plate (MCP) has been 
incorporated in the design of a Multi-Channel micro-Retarding Potential Analyzer (MC-µRPA).   
The current collection theory for the SC-µRPA and the MC-µRPA is also derived.  The 
theory is applicable to µRPAs with arbitrary channel length to diameter ratios and accounts for 
the reduction of ion flux due to the microchannel plate in the case of the MC-µRPA, due to 
absorption of ions by channel walls, and due to the applied potential.  Current-voltage curves are 
obtained for incoming plasma flows that range from near-stationary to hypersonic, with 
temperatures in the range of 0.1 to 10 eV, and densities in the range of 1x1015 m-3 to 1x1021 m-3.  
The SC-µRPA current collection theory is validated by comparisons with the classical RPA 
theory and particle-in-cell simulations.  Determination of unknown plasma properties is based on 
a fuzzy-logic approach that uses the generated current-voltage curves as lookup tables. 
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1. INTRODUCTION 
1.1  Retarding Potential Analyzers in High-Density Flowing Plasmas 
Optimization of any electric propulsion (EP) device requires complete knowledge of the 
physical processes involved in the thruster, as well as full characterization of the thruster’s 
plasma plume.  Plume properties such as current density, temperature, electron number density, 
ion number density, and ion energy provide direct insight into plasma acceleration mechanisms 
in an EP thruster as well as possible plume effects.  In particular, the ion energy distribution in 
the exit and plume of an EP device is an important parameter.  Retarding Potential Analyzers 
(RPAs) have been used to measure charged particle energy as a function of retarding potential 
within the plume of EP sources.  Since Langmuir probes are typically insensitive to ion 
temperature in cases where ion temperature exceeds that of the electron temperature, RPAs are a 
more versatile choice for the characterization of ion parameters (Hutchinson, 1987).  An RPA 
consists of a series of biased electrodes, repelling plasma particles with insufficient energy, 
thereby controlling charged particle access to a collector plate (King and Gallimore, 1996).  The 
electrode series typically consists of a floating electrode (FE), a negatively biased electron 
retarding electrode (ERE), one or two positively biased ion retarding electrodes (IRE), a 
negatively biased secondary electron suppression electrode (SESE), and an ion collector plate, as 
seen in Figure 1.  A wake flux series can also be used to reduce pressure buildup, but is not 
necessary, depending on the ambient pressure (Marrese et al., 1997).  Through the variation of 
the IRE potentials, the particle energy distribution can be obtained at any given location within 
the plume as a function of ion retarding voltage, resulting in a negatively-sloped I-V curve. 
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Figure 1.  Schematic of a gridded RPA. 
 
RPAs adhere to three basic electrode design types: traditional gridded electrode design, 
spherical gridded electrode design, and single-orifice (or single-channel) electrode design.  As 
described in Marrese et al. (1997), traditional gridded electrodes consist of electrically biased 
wire meshes of spacings on the order of 100 µm.  Planar RPAs, which consist of traditional 
gridded electrodes, have been used extensively in the characterization of many relatively low-
density plasmas.  Atmosphere Explorer utilized a planar RPA and an ion drift meter to compare 
I-V characteristics and extrapolate ion drift velocity and ion temperature distributions in the 
ionosphere (Heelis and Hanson, 1998).  The RPA took readings at least once every 40 km and 
had a predicted error of less than 2%.  Based on previous data from a planar RPA on the OGO-6 
mission, the change in ion number density could vary from 0.1% over 40 km to greater than 20% 
in only a 0.5 km span.  This RPA had proven in ground studies to be able to detect such 
variations in ion number density.  The analyzer also had the ability to produce viable species 
concentrations over a broad range of species masses (Hanson et al., 1973).  The Charging 
Hazards and Wake Studies (CHAWS) experiment carried out during both the STS-60 and STS-
69 missions produced both ram side and wake data from a planar RPA.  The data was then 
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compared to typical LEO plasma parameters, as well as to 3-D hybrid Particle in Cell (PIC) 
simulations to determine the ambient ion number density, the ion temperature, and the floating 
potential (Giffin, 1996).  Planar RPAs have also been used to characterize the number flux of 
neutral particles.  This modification has been achieved by setting the ion retarding electrode 
potential sufficiently high enough to repel all ion species, allowing only neutrals access beyond 
the grid series.  A hot cathode ionization gauge placed behind the aperture then acted as a 
particle collector.  The 1.3 cm aperture diameter allowed for pressure measurements in a 2-D 
polar sweep at a radial distance 0.5 m from the ion source.  These pressure sweeps were then 
converted to neutral particle flux using ion energy distribution comparisons (King and 
Gallimore, 1997).   
Spherical RPAs are similar to gridded RPAs, but are inherently not limited by 
directionality.  While spherical RPAs had been used in ground based experiments, the first 
orbiting spherical RPA was used on the Ariel-1 satellite in 1962.  Spherical RPAs have also been 
used to describe the space shuttle plasma environment on the STS-3 mission in 1981, the SL-2 
payload in 1985, the Shuttle Electrodynamic Tether System (SETS) experiment on the TSS-1 
mission in 1992, and the SETS reflight in 1996 as TSS-1R.  Analysis of the shuttle data required 
first and second derivative methods of the spherical RPA multi-ion response model (Raitt and 
Thompson, 1998).  A hemispherical RPA has been successfully implemented to obtain 
temperature distributions in the Freja Cold Plasma Sensor experiment, but were limited to low-
energy applications.  The Cold Plasma Analyzer (CPA) was capable of measuring both ions and 
electrons, employing an electrostatic gate to provide optimal sensitivities when measuring each 
species distribution.  The CPA gate was left open when measuring ions, but was closed during 
99.5% of the time when measuring electrons at open time cycles of 500 ns.  The CPA also 
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incorporated hemispherical collimating slits and a series of microchannels to further attenuate the 
incident flux (Knudsen et al, 1998).  Simpson (1961) addresses the applicability of the spherical 
RPA as useful in cases of plasma beams having a defined angular distribution but limited in the 
transverse direction, such as low energy beta-rays and secondary electron emission. 
Single-channel electrodes have one central channel roughly 2 Debye lengths in diameter, 
which increases RPA sensitivity and reduces the amount of plasma pressure buildup within the 
RPA chamber.  Single-channel RPAs, also known as single-orifice RPAs, have previously been 
designed for Hall thruster plume characterization, with plasma number densities of 
approximately 8x1015 m-3 (Marrese et al, 1997).  The most relevant RPA research has been 
arranged by application and is shown in Table 1.  Kelley (1989) describes sample planar RPA 
data for various ionospheric conditions, including the presence of multiple species within 
individual I-V curves.  Ionospheric measurements were performed on the Earth-orbiting satellite 
Atmosphere Explorer, where the current measured ranged from microamps to nanoamps due to 
the relatively low number densities.  While the classic RPA CCT was presented, the data is 
analyzed no further than the identification of individual species (Kelley, 1989).  The 
aforementioned Hall thruster characterization employed a single-channel RPA to compare 
energy distribution measurements with previous RPA data, requiring a normalization of the data.  
2-dimensional electrostatic simulations of the electrode series were performed to analyze the 
differences between the applied IRE potentials and the effective potentials within the channel 
(Marrese et al., 1997).  In the Cluster Ion Spectroscopy (CIS) experiment, a gridded RPA was 
used to measure 0 to 25 eV ions at various orbits.  Simulations were performed to predict the 
cutoff response and the I-V curve behavior.  Again, the RPA throughput was normalized, and the 
current magnitudes were not published (McCarthy & McFadden, 1998).    
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Application Author Year 
Ion 
Number 
Density 
Range 
RPA 
Design 
Type 
Comparisons
to 
Simulations
Ion 
Parameter 
Extraction 
Method 
Current 
Magnitudes
Ionospheric 
Measurments    
(In Situ) 
Kelley, M.C. 1989 N/A Gridded None Species Identification (S.I.) 
Micro- to 
Nanoamps 
Hall Thruster Marrese et al. 1997 5x1018 m-3 Single- Orifice 
Electric Field 
Simulation in 
MAGIC 
None 
Not Published, 
Normalized for 
Dist. Function 
Comparison 
Cluster Ion 
Spectroscopy    
(0-25 eV) 
McCarthy and 
McFadden 1998 N/A Gridded 
Simulations to 
optimize optics None 
Not Published, 
Normalized 
Mini-PPT Shumlak et al. 2003 > 1x1017 m-3 Gridded None 
S.I. and Nonlinear 
Least Squares 
Analysis 
Nanoamps,  
Normalized 
(Arbitrary 
Units) 
 
Table 1.  Relevant RPA research details. 
 
 Characterizations of high-density plumes are of particular interest for a variety of 
applications.  Pulsed Plasma Thrusters (PPTs), of either gas-fed or solid propellant design, 
generally have relatively high-density plumes (between 1x1018 and 1x1021 m-3).  The transient 
nature of each pulse requires repeatability studies and control optimization in which proper 
characterization of each pulse is advantageous.  A gridded RPA as applied to the DAWGSTAR 
mini-PPT by Shumlak et al (2003) was able to extract species concentrations and temperatures, 
but not ion number densities.  While current magnitudes were published on the order of 
nanoamps, the I-V curves used in the determination of ion parameters were normalized to 
arbitrary units.  Also, in efforts to further develop EP technologies and extend the capabilities of 
already proven EP thrusters, there is a general trend to increase the power supplied to such 
devices.  A direct result of these high-power EP devices is an increased plume density.  There 
has also existed a need to develop diagnostics capable of accurate measurement closer to the exit 
planes of typical EP devices, where number densities are near maximum.  Additionally, high-
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density plasmas used in materials processing and etching techniques require comprehensive 
energy characterization of the plume or beam for optimization. 
 The single-channel design limits the mass flow into the probe, thus limiting the internal 
density.  In a one-dimensional analysis, Hutchinson (1987) derived the relationship between grid 
(electrode) spacing x  and the potential difference V  between any two consecutive electrodes to 
be as follows:  
 ( )3/41.02D ex qVλ = T   (1.1) 
where T  is the electron temperature and the Debye length is defined as e
 
24
e
D
e
kT
q n
λ π=   (1.2) 
where  is the electron number density.  Hutchinson concluded that if the potential difference 
between the ERE and IRE is greater than the electron temperature, the orifice or channel 
diameter must be less than ~  and the electrode spacing must be less than ~  in order to 
avoid space charge effects.  In high-density plasmas with Debye lengths on the order of microns, 
this optimization requirement becomes difficult to satisfy.  Electrodes spaced only microns apart 
would lead to possible arcing phenomena.  Also, the manufacturing, assembly, and alignment of 
electrodes with such microscopic tolerances would not be feasible.   
en
2 Dλ 4 Dλ
While previous RPA aperture dimensions ranged from centimeters to millimeters, an 
RPA with an aperture dimension on the sub-millimeter scale is adequately termed a micro-RPA 
or µRPA.  Currently, manufacturability limits allow for a minimum single-channel diameter of 
about 200 µm.  The resultant Single-Channel micro-Retarding Potential Analyzer (SC-µRPA) 
would allow for accurate ion energy distribution measurements in plumes of ion number 
densities of no greater than 1x1017 m-3.   
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  A solution to relax the channel diameter and electrode spacing constraint in high-density 
plasmas entails a decrease in the Debye length through the reduction of the plasma number 
density.  According to Hutchinson, this can be achieved through the incorporation of an entrance 
slit or through a mesh of low transparency.  A Microchannel Plate (MCP), consisting of an array 
of cylindrical microchannels, can be attached to the FE of an SC-µRPA.  The resultant hybrid 
design is called a Multi-Channel micro-Retarding Potential Analyzer, or MC-µRPA.  Typically, 
the MCP aspect ratio (microchannel diameter to length ratio) is much smaller than the single-
channel aspect ratio, resulting in a greater directionality in the MCP and attenuation of the 
plasma stream before it reaches the electrode series.   
Designing a µRPA that operates effectively in the high-density plume introduces several 
challenges.  First, plasma pressure buildup within the µRPA chamber is comparable to that of the 
single-orifice RPA used for Hall thruster plume characterization, due to the increased ion number 
density ranges.  It may be necessary to remove a significant portion of the aft outer housing in 
order to reduce pressure buildup in the µRPA chamber.  Consequently, to account for the 
relatively small wake flux, a wake flux grid series similar to traditional wire mesh electrodes can 
be incorporated (Marrese at al., 1997).  A schematic of the single-channel RPA design type, 
including the wake flux series, can be seen in Figure 2.  A second problem arises with the 
possibility of arcing between the IRE and the ERE.  Since the spacing of these electrodes is 
directly proportional to the Debye length, high-density plasma leads to both a small electrode 
gap and a slight atmosphere capable of inducing such an arc discharge.  Third, space charge 
limitations can occur when the electrons and low-energy ions are repelled, causing the potential 
between the grids to vary.   
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Figure 2.  Single-channel RPA configuration and electrode sequencing. 
 
A majority of previous RPA research does not include ion current magnitudes, neither 
measured experimentally nor calculated from the classic RPA current collection theory.  Plots 
are typically normalized for ease of visualization and comparison, perhaps indicating 
discrepancies between theoretical and experimental I-V curves.  These discrepancies could be 
attributed to space charge limitations occurring within the RPA, as the general shape of I-V 
curves would remain the same. 
 
1.2  Research Objectives and Research Approach 
 
The overall objective of this research is to produce a viable energy analyzer capable of 
performing accurate ion energy distribution measurements in high-density plasma plumes, and to 
extract from that data macroscopic properties including ion number density, ion temperature, and 
ion drift velocity.  The accomplishment of this objective requires several essential steps as 
outlined in the following approach:  
• The first step involves the design and fabrication of a µRPA device to be operated in 
relatively high-density plumes (greater than 1x1018 m-3).  Operating in this number 
density range requires a µRPA design of greater complexity.  A Single-Channel micro-
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Retarding Potential Analyzer (SC-µRPA) is developed to perform measurements in 
plasma plumes of up to 1x1017 m-3.  To further increase the applicability of the µRPA, a 
Microchannel Plate (MCP) is incorporated as a ‘density filter’ to attenuate the incident 
plasma flux.  The resultant hybrid design, termed the Multi-Channel micro-Retarding 
Potential Analyzer (MC-µRPA), reduces the incident plasma’s Debye length and 
increases the range of measurable plasmas by µRPAs as shown in Figure 3.  For plotting 
purposes, Debye lengths are calculated assuming an electron temperature of 10 eV.  This 
value is relatively high for a solid Teflon PPT, where electron temperatures typically 
range from 0 to 8 eV (Gatsonis, 2003).  However, lower temperatures would only 
decrease the Debye length and further constrain RPA dimensions.   
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Figure 3.  RPA capabilities and optimum µRPA channel diameter as a function of Debye Length 
(Assumes Te = 10 eV). 
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To develop a feasible final µRPA design with the capability to accurately measure 
plasma properties in high-powered electrostatic thrusters, this research outlines previous 
studies on breakdown phenomena, space charge effects, microchannels, and other design 
criteria inherent in plasma energy diagnostics.  This research also details the fabrication 
process, including the alignment of the main channel electrode series, the laser machining 
of the MCP, and the setup of the electronics. 
• Secondly, this research requires the development and validation of an accurate Current 
Collection Theory (CCT) that accounts for the added µRPA complexities over an 
extensive range of plasmas.  Prior to experimental implementation of any EP diagnostics 
device, it is typically necessary to produce a comprehensive analytical model to predict 
the device’s behavior and measurements.  In the case of a micro-Retarding Potential 
Analyzer, an accurate and robust Current Collection Theory (CCT) is of particular 
importance.  The classical RPA CCT is reviewed, as well as the necessary surface flux 
and cylindrical flux derivations necessary to comprise both the SC-µRPA and MC-µRPA 
CCTs.  The SC-µRPA CCT is derived by combining cylindrical flux limitation with the 
classical voltage sweeping effects, requiring numeric integration for specific cases of 
plasmas and SC-µRPA geometry.  A Simpson’s rule approximation program is 
developed to perform the numeric integration.  The MC-µRPA CCT is derived under the 
valid assumption that the cylindrical flux limitation occurs primarily in the highly 
directional MCP, while the voltage sweeping occurs within the electrode series. 
• These theoretical predictions serve not only as a comparison with eventual I-V curve 
data, but also aid in the reduction of experimentally obtained data in order to extract 
valuable macroscopic properties of the plasma.  This research details the two separate 
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extraction processes of sample data for both the SC-µRPA and the MC-µRPA.  
Specifically, a µRPA of known geometry being operated in a plasma of known species 
and mass is capable of yielding ion number density, ion temperature, and ion drift 
velocity (under the assumption that the plasma has a drifting Maxwellian velocity 
profile).  This requires the application of the classical RPA current collection expression 
through a non-linear least squares analysis.  While nonlinear least squares regression can 
be performed on the MC-µRPA CCT for ion parameter extraction, the SC-µRPA CCT 
requires further post-processing.  Since the SC-µRPA CCT requires numeric integration, 
regression back to the macroscopic properties is impossible.  Iterative methods are 
employed using a fuzzy logic framework.   
 
In Chapter 2, a description of the final µRPA design, including fabrication processes and 
electrical phenomena to be considered, is presented.  Chapter 3 outlines the theory of operation 
for traditional RPAs, in addition to derivations of several basic surface flux cases, in order to 
derive both the SC-µRPA and the MC-µRPA current collection theories.  Chapter 4 focuses on 
the validation, error calculation, and ion parameter extraction processes of both CCTs, as well as 
results.  Conclusions and recommendations for future work are contained in Chapter 5. 
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2. µRPA DESIGN & TECHNICAL CONSIDERATIONS 
Since the only difference between the single-channel and multi-channel micro-Retarding 
Potential Analyzer design types is the application of the Microchannel Plate (MCP), the basic 
design is commonly referred to as the micro-Retarding Potential Analyzer or µRPA.  The overall 
design of the µRPA took into consideration several important constraints, primarily the Debye 
length limitations of the µRPA channel diameter and electrode spacing.  For some cases, these 
limitations necessitate the MCP to be attached to the floating electrode, resulting in the MC-
µRPA design type.  The aperture fabrication and alignment processes are also outlined.  
Shielding and insulation techniques typical of other plasma diagnostics devices are applied, 
including the vacuum exposed bolt hole concept.   Investigations into three fundamental electric 
breakdown phenomena are presented as well.  The possibility of an arc discharge between the 
ERE and the frontal IRE has been reduced through calculations involving Paschen material 
curves.  Space charge limitations have been avoided due to optimization of the aperture sizing 
based on the minimum Debye length.   
 
2.1  µRPA Design Constraints 
A dimensioned schematic of the MC-µRPA is shown in Figure 4.  All aperture 
dimensions listed are for a plume of ion number density equal to or slightly less than 1x1018 m-3.  
A full list of the MC-µRPA design constraints with resultant dimensions is listed in Appendix A 
and Table 5, respectively.  The removal of the MCP shown in Figure 4 would simply result in an 
SC-µRPA design type, optimized for a plume ion number density of roughly 1x1017 m-3.  The 
resultant diameter to length ratio is ~ 0.1, which is the test case geometry used throughout this 
research. 
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Figure 4.  Hybrid MC-µRPA channel schematic with MCP overlay. 
 
The orifice or channel diameter is optimized at 2  of the plasma as described in Hutchinson’s 
one-dimensional analysis (1987).  An orifice diameter smaller than that would only decrease the 
current collector signal.  The insulating spacer thickness is optimized at .  Dimensions 
greater than these would induce space charge limitations between the ERE and the first IRE.  
The result would be an inaccurate magnitude of the entire I-V curve.  To be more specific, when 
a charged species is removed from the channel, the opposite charged species is still in the 
plasma. The remaining species creates a potential in the plasma between the grids. This potential 
can be greater than the grid potential, which can act as another repelling grid. This virtual grid 
can alter the voltage in the repelled species, thus changing the electric field within the RPA 
electrode series, leading to incorrect data.  Essentially, a significant space charge can build up 
between electrodes if the electrodes are spaced too far apart (Green, 1970).   
Dλ
4 Dλ
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Since these important design parameters vary significantly over the plume, it is necessary 
to construct multiple µRPA apertures of various thickness and orifice size.  Consequently, the 
experiment would have to be halted in order to interchange the aperture, involving chamber 
venting and further pump downs.  Since this would introduce significant errors and repeatability 
issues, it is necessary to obtain an initial estimates of the plasma parameters through the 
implementation of Langmuir probes or Faraday cup probes.   
 Each electrode, which is circular in shape, has a small tab used to connect to the bias 
wire, as seen in Figure 5.  The insulating spacers, shown separately in Figure 6, do not need such 
tabs.  When fully assembled, the electrodes are rotated 90o counterclockwise relative to the 
electrode before it (the floating electrode is considered the front electrode).  This allows for 
enough physical space for the three individual bias wires and one probe wire for the floating 
electrode. 
           
Figure 5.  Electrode foil, with bolt holes and wire tab. 
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Figure 6.  Insulating spacer. 
 
The most complex µRPA component is the single-channel electrode series, or the 
aperture, which consists of five thin molybdenum foils, sandwiched between insulating spacers, 
as shown in Figure 7.  The aperture was designed so that all electrodes and insulator spacing 
rings are sandwiched together to ensure alignment.  However, the bolts used to sandwich the 
aperture together would theoretically touch all five electrodes.  Since all electrodes must be 
electrically isolated from each other, the containing bolts are housed in insulating bushings. 
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Figure 7.  Cross section view of the MC-µRPA housing with electrode series channel close-up. 
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Due to the significantly small dimensions, the microchannel plates are fabricated out of 
molybdenum using laser machining.  Optimally, each microchannel was originally designed with 
a hole 2 µm in diameter and 100 µm in length.  Due to machining constraints, the diameters are 
closer to 4 µm.  Each MCP is drilled as an 8x8 array, with each microchannel offset by 50 µm at 
30o.  This provides the desired transparency, as well as an alignment error safety factor when 
attaching it to the FE.  A diagram of the span of the MCP in relation to the single-channel, as 
well as an optical comparison can be seen in Figure 8.  Transparency and further MCP values 
can be found in Table 5. 
 
 
p = 50 µm
φ = 30o 
Microchannel, 2-4 µm DIA
RPA channel, 200 µm DIA 
x170 
p = 50 µm 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8.  8x8 MCP overlay onto µRPA channel diagram and optical image for comparison. 
 
 
The differences between the laser entrance side and laser exit side of a sample MCP can be seen 
in scanning electron microscope images contained in Figure 9 and Figure 10.   
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 100 µm  100 µm
Laser Exit Laser Entrance  
Figure 9.  100 µm scale SEM photographs of the MCP. 
 
10 µm10 µm 
Laser Exit Laser Entrance 
 
Figure 10.  10 µm scale SEM photographs of the MCP. 
 
There is some chamfering at the laser entrance side due to the laser machining process, and the 
microchannels appear to be somewhat asymmetrical.  To decrease the gap between the MCP and 
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the FE, the MCP is spot welded to the FE with the laser entrance side facing towards the incident 
plasma. 
 
2.2  µRPA Aperture Construction 
 A significant construction issue arises with the relatively small channel diameter.  
Machining the orifice in each aperture and insulator before assembly could potentially cause 
misalignment, resulting in no clear travel path for the plasma.  It is necessary to first Electron-
Discharge Machine (EDM) the circular pattern, with tabs aligned, along with the four bolt holes 
for each electrode and insulator spacing.  Then, after assembling the electrode series with the 
tabs rotated for each electrode, the center orifice is drilled.  This process ensures the alignment of 
the central channel.   
 Optimally, the entire aperture would be completely assembled, and the channel would be 
drilled through the EDM process.  As long as the aperture is not disassembled or loosened in any 
way, the channel would always be aligned.  However, since the energy required to EDM 
molybdenum is greater than the energy required to melt Teflon and all other candidate insulators, 
this process was strictly limited to the machining of electrode shapes only.  Manual drilling using 
a high-strength Cobalt drill bit (~200 µm diameter) of the entire channel was also impractical 
due to the length of these bits (less than 2 mm). 
 A new alignment process was developed to address the manufacturing limitations.  
During the process, electrodes are assembled separately, manually drilled to the single-channel 
specifications, and disassembled.  The insulators are then manually drilled to a slightly larger 
single-channel diameter of 0.060” and inserted between the electrodes and assembled in the 
exact same orientation as the prior assembly.  The five electrodes (with tabs) are cut out 
separately using EDM, each stacked at a 90o rotation and assembled with four 4-40 bolt holes.  
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Next, the electrodes are assembled in correct order with tabs rotated, using the 4-40 bolts with 
insulator bearings.  Tests with a low power laser are used to indicate successful alignment.  This 
process results in larger insulating channel diameters, as seen in previous single-orifice RPA 
experiments (Marrese et al, 1997), but the 100% wall absorption assumption still applies.  This 
also eliminates the possibility of electrode coating by insulation material along the channel 
during any possible arcing.  The comparison between the alignment processes is demonstrated in 
Figure 11. 
 
     
Figure 11.  Single-channel design options based on fabrication process: Drilled after final assembly (Left) and 
Assembly after electrode drilling (Right). 
 
 The MCP is spot welded to the FE while the collector plate is isolated by a Teflon mount, 
as shown in Figure 12.   
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Figure 12.  Aperture assembly with MCP and collector plate: Front view (Left) and Rear view (Right). 
 
The collector plate mount and collector plate are designed so that the collector plate is 
electrically isolated from all other components.  Most critical is the elimination of pressure 
buildup between the exit of the electrode series (the SESE) and the collector plate.  That is, 
exiting ions must entirely hit the collector plate surface, but neutrals should have the ability to 
disperse radially away, eventually escaping through the wire cluster feed-through hole in the rear 
molybdenum housing plate.  This can be seen in Figure 13, where the collector plate surface is 
less than 1 mm away from the electrode series.  Also, less than 0.5 mm in length of the collector 
plate axial surface is exposed.  The larger surface of the collector plate is intended for the spot 
welding of the collector current wire. 
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Figure 13.  Aperture assembly side view to demonstrate limited collector plate exposure. 
 
The µRPA aperture is then electrically isolated by a Delrin tube and Delrin guard ring, as shown 
in Figure 14.  The guard ring contains five axial holes to act as wire feed throughs for the 
aperture.  The guard ring is held in place by a setscrew.   
 
 
Insulating 
Tube 
Guard Ring
Ceramic 
Tube Cavity
 
Figure 14.  Cross section view of MC-µRPA insulation and outer housing. 
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The insulating tube is then housed by a stainless steel shielding as well as by front and rear 
molybdenum faceplates.  The insulating tube is also held in place by a set screw.  The two 
faceplates are mounted by eight bolts each, the holes for which are exposed to vacuum to 
eliminate pressurized cavities.  To prevent melting of the insulating tube, a ceramic tube is 
placed in front of the aperture. 
 
 
2.3  Electronics 
  Operation of the µRPA requires the use of two variable potential DC power supplies.  
The first is used to operate the Electron Retarding Electrode (ERE) and the Secondary Electron 
Suppression Electrode (SESE) and must be capable of generating 50 V.  The second DC power 
supply, used to bias the two Ion Retarding Electrodes (IREs), must be capable of generating up 
to 200 V above floating potential.  Data analysis requires current measurements taken 
particularly up through the first 25 V above floating potential.  Similarly, these power supplies 
can simultaneously be used to bias the wake flux grid series, the design of which can be 
implemented if pressure buildup within the RPA housing is found to be problematic.  The 
potential diagram of the electrode series is shown in Figure 15.   
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Figure 15.  Potential diagram for the MC-µRPA. 
 
  The wiring of each electrode is relatively simple.  The wires are soldered to each tab 
(spot welding would damage the thin molybdenum foil).  Surrounded by a Kapton coating and a 
metal sheath, the wiring consists of a relatively small gauge.  A wiring schematic can be found in 
Figure 16.   
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Figure 16.  Electronics schematic of the MC-µRPA. 
 
Since the ERE and SESE should always be biased equally, only one bias wire is needed.  
Similarly, both IREs should have the same effective retarding potential, necessitating only one 
wire.  Four wires are needed in total, including individual probe lines for the FE and collector 
plate.  While the probe collection current is measured using a picoammeter, the floating potential 
is measured with a digital voltmeter wired in parallel with the floating potential line, with an 
impedance to ground of at least 1.0 MΩ/V, so as not to give a false measurement. 
 
2.4  Electrical Breakdown Phenomena 
Three primary types of electrical breakdown must be avoided within the µRPA aperture.  
Specifically, arcing between electrodes via the ambient plasma could lead to inaccurate data 
collection, damage requiring the venting of the vacuum chamber to atmosphere, or irreparable 
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damage.  Also known as Paschen discharging, arcing has been empirically described as a 
function of the product of the pressure and electrode gap. The remaining breakdown phenomena 
are defined as surface breakdown and substrate (or bulk) breakdown, both of which are classified 
as dielectic breakdown (Mueller et al, 2000).  All three types of electrical breakdown are 
represented graphically in Figure 17. 
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Figure 17.  Types of electrical breakdown phenomena. 
 
Since both Paschen and dielectric breakdown has been known to occur as a result of 
impurities or surface imperfections, deposition of the electrodes and insulating layers would 
minimize such defects, thus reducing the possibility of breakdown phenomena.  An optimal but 
complex solution towards the reduction of both surface and substrate breakdown phenomena 
exists in the fabrication of the µRPA by means of depositing alternating powder metal and 
insulator layers on top of a silicon wafer.  Similar methods are used to construct 
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Microelectromechanical systems (MEMS).  The scale of this process would lend itself to the 
formation of the µRPA single-channel.  MEMS fabrication would also allow for the electrical 
tabs to be shaped.  When the process is complete, the silicon wafer is destroyed or dissolved, 
leaving only the µRPA aperture.  This process can be seen in Figure 18.  In frame 1, the substrate 
wafer is coated with both molybdenum and an insulating material (Teflon) in the desired 
locations to form the electrode, its wire tab, and a base for the following electrode tabs.  With the 
level of accuracy associated with the coating process, the orifice diameter is created by simply 
not coating that location with each passing layer.  In the second frame, an insulating layer and 
the ERE has been deposited.  In frame 3, more layers have been deposited and the formation of 
the inter-electrode tab connections can be seen.  In frame 4, the process is complete and the 
alignment of the electrode series channel is ensured throughout the aperture.   
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Figure 18.  MEMS fabrication of a µRPA aperture through silicon wafer deposition. 
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Due to the complexity, cost, and resultant lack of aperture toughness (The coating process of the 
apertures and insulating layers would result in a significantly fragile aperture once removed from 
the substrate.), MEMS fabrication was not used in the construction of the µRPA aperture.  
Additionally, due to the dielectric strength of Teflon as described in Section 2.4.2, both surface 
and substrate breakdown has been theoretically eliminated within the µRPA aperture design. 
 
2.4.1  Paschen Breakdown 
 To ensure the prevention of arc discharging or other voltage breakdown phenomena, an 
analysis of Paschen’s Law was performed.  First, calculation of the breakdown voltage, V , as a 
function of pressure-distance product, , was completed for potentials applied in ambient, 
atmospheric air.  Next, this function was plotted to find the minimum breakdown voltage.  
Values were then compared to those expected to be encountered within experimental 
applications (vacuum chamber conditions).  Also, for purposes of conducting breakdown 
detection in standard atmospheric conditions, breakdown current, I , was calculated.   
Bd
pd
bd
From Lieberman and Lichtenberg (1994), the voltage breakdown equation, otherwise 
known as Paschen’s Law, is as follows:  
 
ln ln[ln(1 1/ )]
bd
bd
bd se
B pd
V
A pd γ= − +   (2.1) 
where A  and  are experimentally derived values based on the gas or medium, and  is the 
unitless secondary ionization coefficient.  However, the breakdown characteristics of a gap 
depend primarily on the gap pressure and gap distance product, .  For air, the experimental 
coefficients and secondary ionization constant are known to be: 
bd bdB seγ
pd
bdA =1.125x10-3 1/ Pa-m 
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bdB =2.738x10-6 V/ Pa-m 
seγ =0.01 
as referenced by Boxman et al (1997).  When the breakdown voltage is plotted as a function of 
pressure-gap product , the resultant curve is known as a Paschen curve, the minimum 
breakdown voltage is obtained and defined as the static breakdown voltage (Papoular, 1965), as 
shown in Figure 19 for air, argon, and xenon.  The left branch of the Paschen curve represents 
the case where the ionization can only be provided by relatively high electric fields, as the 
breakdown is limited by the gas pressure and avalanche size.  The right branch of the Paschen 
curve represents the case where there is enough gas pressure and distance for the electron 
avalanche to provide ionization at moderate electric fields (Fridman and Kennedy, 2004).   
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Figure 19.  Voltage breakdown as a function of pressure-gap product for various gases. 
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The above plot shows that the minimum breakdown voltage for air is V  305 V 
occurring at a pressure-gap product of  1.13 Pa-m.  At a pressure of 1 atmosphere (760 
Torr), this corresponds to an electrode gap length minimum of no less than 13 µm.  Furthermore, 
at the designed electrode gap length of 400 µm, in atmospheric air conditions (  40 Pa-m), 
the breakdown voltage is 2,390 V.  Since the µRPA has electrode gaps of 400 µm and operates at 
voltages no higher than 150 V, Paschen breakdown will not occur during atmospheric testing.  
Ultimately, the breakdown mechanism becomes significant as the interelectrode gap becomes 
smaller than the mean free path of electrons within the plasma (Osmokrovic et al, 1994). 
br ≈
=
pd =
pd
When in vacuum however, the extremely low pressures (up to 10-8 Torr or ~1.3x10-6 Pa) 
lead to  values to the extreme left of the Paschen minimum.  Experimental investigations as to 
the Paschen breakdown to the far left of the Paschen minimum and asymptotic Paschen curves 
have been performed extensively by Osmokrovic et al (1994).  For example, Breakdown 
voltages were detected with molybdenum electrodes in Argon at extremely small  values, as 
shown in Figure 20. 
pd
pd
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Figure 20.  Argon breakdown voltages left of Paschen minimum. 
 
All experimentally detected breakdown voltages occur well above Paschen minimum.  In cases 
where the µRPA interelectrode gap is on the order of 400 µm,  values can become as low as 
5.0x10-10 Pa-m.  The Argon breakdown voltage in this range is more than 1 kV.  Although 
the pressure within the µRPA will increase while in operation due to the buildup of neutrals 
within the device, at no point will the minimum breakdown voltage be exceeded.  With a 
maximum potential difference of only 200 V, it is clear that Paschen breakdown will not occur. 
pd
pd =
 
2.4.2  Dielectric Breakdown 
Dielectric breakdown across the surface of an insulator or through the insulator itself, is 
primarily a function of the material’s dielectric strength, or intrinsic electric strength (Frohlich, 
1939).  Dielectric breakdown occurs when the breakdown voltage of the material is exceeded, at 
which time the dielectric allows charge to flow.  Once this critical voltage is reached, an 
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avalanche breakdown caused by the sudden rush of electrons creates a current spike and deforms 
the dielectric.  This process is spatially nonlinear, occurring at dielectric localizations of 
electrons due to impurities and boundary imperfections between the dielectric and the electrodes 
(Jonscher, 1980).  The stable atomic structure of Teflon, as seen in Figure 21, does not induce 
either type of substrate breakdown easily.  Should a breakdown occur, it would most likely take 
place within or on the surface of the Teflon insulator located between the ERE and the first IRE. 
 
 
 
 
 
Figure 21.  Atomic structure of Teflon, adapted from Amwake and Falconer (2003). 
 
Since Teflon has a dielectric strength of 60 MV/m, an insulator thickness of 400 µm can be 
subjected to a maximum electric field of 250 kV/m (Ebihara et al, 2003).  At the maximum 
µRPA field strength, dielectric breakdown will not occur.  There is a safety factor of ~240 during 
maximum retarding potential.   
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3. µRPA THEORY OF OPERATION 
 An accurate and versatile analytical model of the micro-Retarding Potential Analyzer 
(µRPA) is required for three reasons.  Prior to experimental implementation, an order of 
magnitude analysis is first needed to predict the expected current magnitudes of the µRPA.  This 
analysis aids in the acquisition of proper signal amplification/detection and electromagnetic 
noise reduction equipment.  Secondly, a more precise analysis is necessary to augment the I-V 
curve data and provide error calculation.  Most importantly, this model must provide the ability 
to determine macroscopic plasma parameters from the experimentally derived data.  In essence, 
this Current Collection Theory (CCT) must have both the capability of generating accurate I-V 
curves based on macroscopic properties, as well as the ‘inverse’ capability of extracting 
macroscopic properties from I-V curves.   
Current collection theories are developed in this chapter for both µRPA design types.  
Basic kinetic theory and velocity definitions are presented in Sections 3.1 and 3.2 respectively.  
Review of the classical RPA CCT is presented in Section 3.3.  The derivation of the Single-
Channel micro-Retarding Potential Analyzer (SC-µRPA) CCT is detailed in Section 3.4, which 
is comprised of individual surface flux cases for several fundamental plasma cases, as well as the 
case of exit surface flux of a drifting Maxwellian gas through a cylindrical channel.  The 
finalized SC-µRPA CCT is presented in Section 3.4.6.  Development of the Multi-Channel 
micro-Retarding Potential Analyzer (MC-µRPA) CCT is presented in Section 3.5.    
 
3.1  Basic Kinetic Theory and the Distribution Function 
The linear velocity of a molecule measured at its center of mass as it moves with respect 
to a given reference frame of Cartesian unit vector axes {x  can be denoted as the vector ˆ ˆ ˆ,y,z}
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( , )tc r
{ , ,u v w
dc
, indicating a dependence on both position and time.  Additionally, the molecular speed, c , 
is defined by the magnitude of .  This total velocity vector would then have components 
 corresponding to a position vector in a velocity space of unit vector axes { , .  
Triple integration over components u  would then correspond to a volume integral in 
velocity space (Chapman and Cowling, 1960), allowing for calculation of velocity distributions 
and other fluxal properties. 
( , )tc r
} ˆ ˆˆ ,u v w}
, ,v w
Since a homogeneous gas of N  particles in physical space can also be classified in 
velocity space, it is therefore possible to calculate the number of particles contained in a certain 
velocity range.  This range would be represented as a volume element in velocity space called 
, as shown in Figure 22, adapted from Bird (1994).   
 
 
dcv
w
u
dw
dv
du
c
 
 
 
 
 
 
 
 
 
Figure 22.  Volume element in velocity space. 
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To classify the number of particles dN  within the velocity volume element d , it is 
necessary to define a generic velocity distribution function, , such that 
c
( ( , ))f tc r
   (3.1) ( ( , ))dN Nf t d= c r c
where d  can be expressed as the product du .  The velocity distribution function , 
more commonly referred to as , must always be a positive number or zero.  Formally, dN  
defines the class of particles having respective velocity components between u  to u ,  to 
, and w  to w .  Number densities dn  and n  can replace dN  and N  since the unit 
volume of velocity space in both cases is the same.  These substitutions produce 
c
dv
dvdw ( ( , ))f tc r
du v
f
+
v + dw+
   (3.2) /dn n fd= c
which provides a normalized function (Bird, 1994).  Therefore, integrating over the entire 
velocity space should yield unity, as shown by 
 all
velocity
space
/
dn
fd fdudvdw n n
n
∞ ∞ ∞ ∞
−∞ −∞−∞−∞
= = =∫ ∫ ∫ ∫c 1= . (3.3) 
The velocity distribution function commonly depends not only upon velocity, but also 
upon position and time.  In order to account for these dependencies, it is necessary to classify 
particles of certain velocities located at particular positions.  This classification first requires 
defining a six-dimensional space known as phase space, which combines both physical space and 
velocity space.  In phase space, a volume element would be expressed as d d  or 
, where  is the position vector in physical space and d d  is the 
corresponding volume element (Bird, 1994).  Phase space is difficult to visualize or plot, and 
when required, incorporates a seventh dimension of time. 
c r
ydzdudvdwdxdydz r xd=r
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The definition of phase space then allows for the corresponding single particle 
distribution function in phase space F , which is defined by the expression for the number 
of particles in a particular phase space element, given by 
( , , )tc r
 . (3.4) ( , , )dN t d d= c r c rF
Unlike the normalized function dN  for velocity space, the above expression represents a 
number, not a fraction, of particles within the spatial Cartesian coordinates x  to x ,  to 
, and  to  having velocity components within the range u  to u ,  to 
, and w  to w .  Upon comparison,  
/N
dx+
du+
y
vy dy+
v dv+
z z dz+
dw+
 ,  (3.5) ( , , ) ( )dN t d d Nf d= =c r c r c cF
where the number density is n N , yielding /d= r
 .  (3.6) ( , , ) ( )t nf=c r cF
Finally, since  and  are both dependent upon velocity, position, and time, the 
following notation is used: 
( , , )tc rF ( ( , ))f tc r
 .  (3.7) nf=F
This expression allows for the use of the velocity distribution function when describing phase 
space (Bird, 1994).  
 
3.2  Mean Mass Velocity, Peculiar Velocity, and the Mean of a Function 
 While individual molecules each have total velocity  relative to a given reference 
frame, a flow comprised of a single-species gas has a macroscopic velocity relative to that same 
reference frame.  This macroscopic velocity is called the mean velocity, and at any point  is 
given by 
( , )tc r
,tr
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 0
( , )
( , )
( , )
t
t
n t d
= ∑ c rc r
r r
  (3.8) 
having components { , .  The summation over c r  is performed over nd  molecules 
(Chapman and Cowling, 1939).  Similarly, n , and c  are averaged over a small time 
interval from t  to t  over the differential volume d .  The mean speed is then defined by 
0 0 0, }u v w
dt+
( , )t
( , )tr
r
r
( , )tr
 0
c
c
nd
= ∑
r
.  (3.9) 
While the notation can be dropped as shown above, mean speed is also dependent upon  and t . r
 With the mean mass velocity defined, there exists a molecular velocity measured in 
relation to a reference frame moving at mean mass velocity.  This is known as the peculiar 
velocity, C r , having components { , .  By definition ( , )t , }U V W
 .  (3.10) 0( , ) ( , ) ( , )t t= −C r c r c r t
The velocity vector diagram can be seen in Figure 23. 
 
0c
C
c 
 
 
Figure 23.  Velocity vector diagram. 
 
Therefore, the total velocity of a molecule is the sum of the molecule’s peculiar velocity and the 
mean velocity of the entire flow (Chapman and Cowling, 1939).  The peculiar speed of a 
molecule is denoted by C . 
 To describe the mean mass velocity in a gas mixture of multiple species, it is necessary to 
apply the above equations to each individual constituent or species, s , of the gas mixture.  The 
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velocity distribution function of the entire gas mixture cannot be considered due to the various 
species masses and mean velocities.  Instead, summations over all species must be performed.  
The gas mixture’s total number density is simply the sum of the number densities of each 
species, or 
   (3.11) sn n=∑
where each number density of the n  species is given by the velocity distribution function as th
 ( )s s sn f d= s∫ c c .  (3.12) 
The dependence upon mass is recognized by the relationship between species density, , and 
species number density, n , as 
sρ
s
   (3.13) s sn mρ = s
s
where  is the mass of a molecule of species s .  The density  of the entire gas mixture is 
therefore 
sm ρ
 .  (3.14) s s
s s
n mρ ρ= =∑ ∑
To develop an expression for the mean velocity of a gas mixture, it is first necessary to define the 
mean value of any function  provided that it is dependent on velocity.  Incorporating the 
velocity distribution function, the mean value of φ  for species s  becomes 
φ
 s s sn fφ φ= sd∫ c .  (3.15) 
The mean value of φ  for the entire gas mixture is then equal to the weighted sum of individual 
species mean values, or 
 s s
s s
n n fφ φ φ= =∑ ∑ s sd∫ c .  (3.16) 
Therefore, the overall weighted mean mass velocity for a gas mixture is given by 
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 0 s s s s s s
s s
f m dρ ρ= =∑ ∑∫c c c c .  (3.17) 
This mass velocity assigns each molecule a weighted mean proportional to its species mass, 
allowing for the peculiar velocity of any species s  to be defined by the equation 
 .  (3.18) 0s s= −C c c
This mass velocity is not equal to the mean velocity c  of the molecules due to the weighting of 
each species (Chapman and Cowling, 1939). 
 
3.3  Classical RPA Current Collection Theory 
 The classical RPA CCT is based on the surface number flux of a drifting plasma through 
a surface with an applied potential.  The collector plate current is calculated when the number 
flux is multiplied by the ion charge q  and the total RPA entrance grid surface area A .  While 
this case is formally derived in Section 3.4.4, the classical RPA current collection theory for a 
single species s  is given by 
 
2 2
0
0 01/2
exp( ( ) )
{1 erf( ( ))}
2
eff ss
s s
v cqn A
I qN A c v c
β π βπ β
 − − = = + −  

eff s   (3.19) 
as developed by Kelley (1989).  The two terms in this equation, the exponential term and the 
error function term, both have units of m/s, which is consistent with the expression used for 
current density calculations as shown by 
  or 0sI qn c A= 0sI qn cA = .  (3.20) 
The determination of ion parameters from the classical RPA current collection theory 
involves nonlinear least squares analysis, which is outlined in Section 4.5.  As described in 
Kelley (1989), modifications to the classical RPA current collection theory can be made to 
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account for a sensor velocity or a grid transmission factor, in the cases of in situ measurements or 
flux limitation prior to the electrode series, respectively.  
The classical RPA CCT can also be expressed as a sum, to account for multiple positively 
charged ion species, as shown by  
 
2 2
0
0 01/2
1 1
exp( ( ) )
{1 erf( ( ))}
2
n n
eff ss s
s s
s s
v cq n A
I qN A c v c
βα π βπ β= = eff s
 − − = = + −  ∑ ∑
   (3.21) 
where  is the number of species and α  is the species concentration.  Using this CCT, multi-
species characterization has been performed by Shumlak et al (2003) to calculate species 
concentrations for the solid Teflon mini-DAWGSTAR Pulsed Plasma Thruster. 
n s
The classical RPA CCT assumes no directionality of the RPA.  All traditional gridded 
RPA designs have a diameter to length aspect ratio typically greater than 1.  Therefore, it is valid 
to assume there is minimal channel flux limitation, as the RPA is categorized more properly as 
an orifice than a channel. 
 
3.4  Development of the SC-µRPA Current Collection Theory 
In order to account for the physical complexities within the SC-µRPA, it is first necessary 
to derive individual expressions for each complexity, and methodically combine the derivations 
in a consistent manner.  The primary difference between a classical RPA and the SC-µRPA is the 
increased directionality (lower diameter to length aspect ratio) within the electrode series of the 
SC-µRPA.  The SC-µRPA CCT must account for this, in addition to the drift velocity and 
effective potential effects of the surface flux already taken into account within the classical RPA 
CCT. 
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The following expressions have been derived for the plasma flux through a surface for 
various empirical cases.  These formulas, in most cases derived in both Cartesian and spherical 
coordinate systems for purposes of comparison, take into account drift, voltage sweeping, and 
cylindrical channel effects.  A voltage sweep is defined as the process of taking collector plate 
current measurements over a complete range of applied IRE potentials, such that at any given 
time there exists a retarding potential within the electrode series.  As in the case of a gridded 
RPA, this retarding potential needs to be accounted for in the CCT.  A reference for the solutions 
of each case can be found in Table 2. 
 
Case Description Cartesian Spherical
Stationary, No Applied Potential Eqn. (3.26) (3.32) 
Stationary, Applied Potential (3.34) (3.39) 
Drifting, No Applied Potential (3.43) (3.47) 
Drifting, Applied Potential (3.50) (3.56) 
Drifting, Cylindrical Channel Exit Surface N/A (3.65) 
Drifting, Applied Potential, Single-Channel N/A (3.70) 
Drifting, Applied Potential, Single-Channel, MCP_ N/A (3.72) 
 
Table 2.  Derivations of number flux for various cases. 
 
All applied potentials are assumed to be positive and the expressions concern only positively 
charged ion species.  Additionally, effective potential is assumed to equal the applied IRE 
potential.  During experimentation, the effective potential is equal to the difference of the applied 
IRE potential and the floating potential, so these derivations assume a floating potential of 0 V.   
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3.4.1  Surface Flux in Stationary Plasma with No Applied Potential 
From Chapman and Cowling (1960), the flux of some quantity Q  having number density 
 and total velocity vector  through a surface element in the negative n  direction is 
given by 
n  { , , }u v wc ˆ
nQ , assuming that n  and that  lies within the x-y plane.  The surface element 
coordinate system is shown in Figure 24, where the total velocity vector consists of both a mean 
velocity, , and a peculiar velocity vector, C , such that .  In 
Cartesian coordinates, the fluxal quantity 
u
0 0c
ˆ xˆ= c
0 0 { , , }u v w  { , , }U V W 0= +c C c
nQ  can be rewritten by incorporating the distribution 
function, to obtain 
u
 
0
nQu n Qufdudvdw
∞ ∞ ∞
−∞−∞
= ∫ ∫ ∫   (3.22) 
where  is the distribution function.  Assuming a Maxwellian distribution for a mixed 
equilibrium gas with a mean velocity c , the distribution function  for any single species 
 can then be expressed as  
f
0 0= f
s
 
3
2 2
3/2 exp( )sf C
β βπ= −   where 
1/2
2
sm
kT
β  =    .    (3.23) 
To determine the inward normal flux for a single species s  in equilibrium through a 
surface element, the quantity Q  is set equal to 1.  Expanding out the integrals containing the 
distribution function gives the following expression: 
 
3
2 2 2 2 2 2
3/2
0
exp( ) exp( ) exp( )ss s s s s s
n
N W dw V dv u
β β β βπ
∞ ∞ ∞
−∞ −∞
= − − −∫ ∫ ∫ s sU du .  (3.24) 
However, in the case of zero mean velocity, , so the expression can be rewritten as =c C
 
3
2 2 2 2 2 2
3/2
0
exp( ) exp( ) exp( )ss s s s s s
n
N W dW V dV U
β β β βπ
∞ ∞ ∞
−∞ −∞
= − − −∫ ∫ ∫ s sU dU .  (3.25) 
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After integration, this expression yields 
 
3 1/2 1/2
3/2 2 1/2
1
2 2
s
s
n
N
β π π
π β β β π= ⋅ ⋅ ⋅ =
 sn
β .  (3.26) 
Substitution of the mean speed, 1/2
2
s βπ=c , produces the classical expression for stationary 
inward number flux, 
4
s s
s
n c=N .  The shaded area shown in Figure 25 indicates the molecules 
that are considered for the inward number flux of an equilibrium gas.   
 
nˆ
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z
x
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Figure 24.  Molecular flux across a surface element. 
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Figure 25.  Distribution function plot for an equilibrium gas in one dimension. 
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To develop an identical expression using the distribution function in spherical 
coordinates, it is necessary to express the volume of velocity space element in the form of 
   (3.27) 3 2v sind c d dθ θ φ= dc
where is the total particle speed, θ is the polar angle, and φ is the azimuth angle.  Since the 
number of particles striking the surface element per unit time is ( c , the distribution of 
speeds can then be expressed for a single species s  as 
c
3os ) vc fdθ
 
/2 23
2 2 2
3/2
0 0 0
cos exp( ) sinss s s s
n
N c C c
π πβ θ β θ φ θπ
∞
= −∫ ∫ ∫ sd d dc .   (3.28) 
Since the total velocity c  is the same as the peculiar velocity C  in this case, the distribution of 
speeds can be rewritten as  
 
/2 23
3 2 2
3/2
0 0 0
cos exp( )sinss s s
n
N c c
π πβ θ β θ φ θπ
∞
= −∫ ∫ ∫ sd d dc .  (3.29) 
Further simplification occurs with the substitution of total speed ratio Ξ = , leading to scβ
 
/2 2
3 2
3/2
0 0 0
cos exp( )sinss
n
N
π π
θ θβπ
∞
= Ξ −Ξ∫ ∫ ∫ d d dφ θ Ξ . (3.30) 
Integration over  and θ  gives φ
 3 2
1/2
0
2
exp( )ss
n
N dβπ
∞
= Ξ −Ξ∫ Ξ   (3.31) 
which then integrates to  
 1/22 4
s
s
n n
N βπ= =
 s sc . (3.32) 
This result is the same expression found in the Cartesian coordinate system. 
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3.4.2  Surface Flux in Stationary Plasma with an Applied Potential 
If the surface element has an effective positive potential resulting from the difference 
between the applied potential close to the element and the floating potential as measured from 
the FE, a portion of the positively charged particles within the stationary gas will be repelled.  If 
the effective potential φ  of the surface element corresponds to an effective energy E  and an 
effective velocity v , then the inward flux will only consist of molecules having velocity greater 
than v , as shown in Figure 26.  An expression for this inward number flux can be developed in 
both Cartesian and spherical coordinate systems.  
eff eff
eff
eff
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effv
 
 
 
 
 
Figure 26.  Distribution function plot for an equilibrium gas with applied potential in one dimension. 
 
 The effective potential is taken into account by modifying the lower bound of the x-
direction velocity integral of the inward number flux expression.  Instead of integrating from 
zero to infinity, integration is now performed from v  to infinity, since only ions of x-direction 
velocity greater than v  will pass through the surface element.  Thus the inward number flux is 
given as 
eff
eff
 
3
2 2 2 2 2 2
3/2
exp( ) exp( ) exp( )
eff
s
s s s s s s
v
n
N W dW V dV U
β β β βπ
∞ ∞ ∞
−∞ −∞
= − − −∫ ∫ ∫ s sU dU . (3.33) 
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After integration, the expression yields 
 
2 2 2 23 1/2 1/2
3/2 2 1/2
exp( ) exp( )
2 2
eff s effs
s
v n vn
N
β ββ π π
π β β β π β
− −= ⋅ ⋅ ⋅ = . (3.34) 
A spherical coordinate system derivation requires a modification of the lower bound of 
total speed integration.  Also, integration over elevation angle (θ ) must be performed last.  The 
distribution of speeds for an equilibrium gas as outlined previously is given by 
 
/2 2
3 2
3/2
0 0 0
cos exp( )sinss
n
N
π π
θ θβπ
∞
= Ξ −Ξ∫ ∫ ∫ d d dφ θ Ξ
v
. (3.35) 
In this case, the effective potential will repel all positively charged particles having total speed 
less than V  where V .  Also, since this bound is dependent on , this integral 
must be performed prior to the elevation angle integral: 
/coseff θ eff effβ= θ
 
/2 2
3 2
3/2
0 /cos 0
cos exp( )sin
eff
s
s
V
n
N d
π π
θ
θ θ φβπ
∞
= Ξ −Ξ∫ ∫ ∫ d dθΞ . (3.36) 
After integration over φ  and , the inward number flux is Ξ
 
/2 2
2 2
1/2 2
0
exp ( cos )sin
cos
effs
s eff
Vn
N V
π
θ θβπ θ
 −  = +   ∫ dθ . (3.37) 
The final integration yields 
 ( ) (221/2 2
2
exp lim exp cos
2 c
effs
s eff
Vn
N V πθ
θβπ θ→ −
 )2
os
  −    = − −          
 . (3.38) 
When the limit is taken, the last term goes to zero, leaving only 
 
( )2
1/2
exp
2
s
s
n V
N βπ
−= eff . (3.39) 
Again, this is the same expression found in a Cartesian derivation. 
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3.4.3  Surface Flux in Drifting Maxwellian Plasma with No Applied Potential 
 A drifting plasma having a mean velocity vector c  would make some angle  with the 
surface element normal vector n .  Assuming θ  lies entirely in the x-y plane, a molecule’s total 
velocity components would be comprised as follows: 
0 θ
ˆ
 
0 0
0 0
:   u = cos
:   v = sin
:   w=
x U u U c
y V v V c
z W
θ
θ
= + +
= + +   (3.40) 
which dictates that particles having peculiar velocity in the x-direction greater than −  
will pass through the surface element, as shown in Figure 27.  Therefore, the inward number flux 
for a drifting plasma species is given by 
0 cosc θ
0
3
2 2 2 2 2 2
03/2
cos
exp( ) exp( ) ( cos )exp( )
s
s
s s s s s s s
c
n
N W dW V dV U c U dU
θ
β β β θ βπ
∞ ∞ ∞
−∞ −∞ −
= − − + −∫ ∫ ∫ s s . 
(3.41) 
Assuming that the angle of attack θ  is zero, integration yields 
 
2 2 1/2
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N c erf c
β β ππ βπ β
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s β   (3.42) 
which simplifies to 
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β π βπ β
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0serf c  . (3.43) 
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Figure 27.  Distribution function plot for a drifting gas in one dimension. 
 
To calculate inward normal flux in a spherical coordinate system for a drifting gas, vector 
analysis of velocities is required to manipulate the distribution of speeds.  In this case, the total 
velocity vector ΞG  is not equal to the peculiar velocity vector , where .  Instead, 
, as shown in Figure 28.   is the mean velocity vector, where S c . 
ΨG sCβΨ =
0sβ=SΨ = Ξ−
G GG
S
G
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Figure 28.  Velocity vector diagram with surface element. 
 
The distribution of speeds is then written as 
 
/2 2
3 2
3/2
0 0 0
cos exp( )sinss
n
N d
π π
θ θβπ
∞
= Ξ −Ψ∫ ∫ ∫ d dφ θ Ξ .  (3.44) 
It is then necessary to obtain an expression for  in terms of .  From Figure 28, 2Ψ Ξ
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 2 2 2 2 cosS S θΨ = Ξ + − Ξ GG   (3.45) 
which leads to 
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N S S
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Complete integration yields 
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s s
n S
N c ππ β erf S
 − = + +  
   (3.47) 
which is equal to the expression derived in a Cartesian coordinate system. 
 
 
3.4.4  Surface Flux in Drifting Maxwellian Plasma with an Applied Potential 
 Assuming the drift velocity is aligned with the surface element normal vector, taking into 
account the effects of both an applied potential and a drift velocity involve integration along the 
x-direction peculiar velocity from v  to infinity, as shown by 0eff sc−
      
0
3
2 2 2 2 2 2
03/2
exp( ) exp( ) ( )exp( )
eff s
s
s s s s s s s
v c
n
W dW V dV U c U dU
β β β βπ
∞ ∞ ∞
−∞ −∞ −
= − − + −∫ ∫ ∫ s sN . (3.48) 
Integration yields 
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0eff sv c− . (3.49) 
When converted to current and taking into account area, this expression is known as the classical 
RPA current collection theory, as shown by 
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β π βπ β
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0eff s . (3.50) 
Figure 29 shows distribution plots for two cases of plasma: v  and v .   0eff sc> 0eff sc<
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Figure 29.  Distribution function plot for a drifting plasma with applied potential in one dimension. 
 
To obtain the classical RPA current collection theory through a spherical coordinate 
system derivation, it is necessary to combine the effects that drift and applied potential have on 
the distribution of speeds.  Specifically, the lower bound of the speed integral must be modified, 
elevation angle  integration must be performed last, and the  identity must be applied.  
These requirements result in the following distribution of speeds: 
θ 2Ψ
/2 2
3 2 2
3/2
0 /cos 0
cos exp( ( 2 cos ))sinss
Veff
n
N S S
π π
θ
θ θβπ
∞
= Ξ − Ξ + − Ξ∫ ∫ ∫ GG d d dθ φ θΞ .  (3.51) 
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Integrating first with respect to φ  and then with respect to Ξ  yields 
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This expression contains eight terms, the last two of which contain the error function as 
shown.  When integration over  is performed using a standard symbolic integration kernel such 
as Maple or Mathematica, all but the last two terms will properly integrate, yielding 
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where Ei  is the exponential integral of the form  2(1, )V
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Since , the two terms within the limit are also zero, leaving   Ei(1, ) 0∞ =
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Further simplification can be performed using the equality − + , 
which produces 
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The first series of terms resembles a portion of the classical RPA current collection 
theory, while the remaining portion has yet to be integrated.  As stated before, integration of 
these last two terms surpasses the capabilities of symbolic integrators such as Mathematica or 
Maple.  The precise problem exists in the error function of the cosine function.  Specifically, 
 cannot be computed even though the function is continuous and differentiable 
as shown by Figure 30. 
/2
0
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Figure 30.  The function f(x) = erf(cos(x)). 
The derivate of this function is − − .  The flux equation can be 
numerically integrated within any available math solver, and for any specific set of plasma 
parameters, results in the same number flux value for the expression derived in Cartesian 
coordinates. 
1/2 22 exp[ cos ]sinxπ− x
 
3.4.5  Exit Surface Flux through an Unsegmented Cylindrical Channel 
In a cylindrical channel of diameter to length ratio , the flux of neutral particles can be 
classified into two species: the uninhibited flux which travels through the entire channel without 
collision with the inner wall and the inhibited flux, the particles of which have their first collision 
with the inner wall at a normalized axial location between and .  The total flux of 
particles through a cylindrical tube is then expressed as 
D
X X dX+
   (3.57) 
1
0
( , ) ( , ) ( , )cc crN N S D N S X w X D dX= + ∫
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where  is the ratio of mean velocity to most probable velocity (drift velocity to thermal 
velocity),  is the uninhibited flux, and N  is the flux containing particle/wall collisions, as 
shown in Figure 31.  The w X  term is defined as the emergence probability function of 
particles exiting the channel based on diffuse reflection, as first described by Clausing (1932).  
100% wall absorption can be assumed in the case of the µRPA due to the introduction of 
potentials along the channel’s inner wall, the material of the electrodes, and the cavities created 
by the difference between the electrode and insulating spacer diameters.  Therefore, the 
emergence probability function for a µRPA channel goes to zero and the total flux is equal to the 
uninhibited flux. 
S
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Figure 31.  Number flux species through a cylindrical channel of finite diameter to length ratio, D. 
 
There are two methods of calculating the uninhibited flux of neutral particles.  While 
both methods are derived in a spherical coordinate system and produce the same results for all 
plasmas and geometries, only one method, developed by Patterson (1971), manipulates the 
distribution function in spherical coordinates using vector analysis.  Patterson’s final expression 
is as follows: 
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where 
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The other expression, developed by Hughes and De Leeuw (1965), considers a series of 
beamlets comprising the flow under the assumption that the incident plasma has a Maxwellian 
drifting velocity distribution.  Specifically, the molecular beam incident at an angle of attack  
can be separated into individual beamlets, each having an angle  off of  from 0O to 90O.  A 
certain fraction of each beamlet passes through the tube without hitting the inner wall, while the 
rest reflects off the inner wall.  This fraction is based on the incident angle of the beamlet to the 
inlet surface.  Hughes and de Leeuw also make use of the Clausing probability function for 
particle transmission after wall reflection, but in the case of 100% wall absorption these terms 
are set to zero.  The net flux is then given by 
α
φ α
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where  is the ratio of number flux of molecules at the outlet to the number flux at the 
inlet due to a beamlet with angle φ  to the tube axis, per unit area of tube inlet (Maynard, 1996).  
Under the 100% wall absorption assumption for plasma in a biased channel, K  is of the 
form 
( , )K Dφ
( , )Dφ
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where  tan
D
φ=T .  Elimination of the emergence probability function as well as a zero angle of 
attack simplifies F S  to yield ( , , )φ α
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The resultant expression for cylindrical tube flux at zero angle of attack and 100% wall 
absorption is then given by 
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This equation was integrated numerically for various speed ratios, tube dimension ratios, and 
angles of attack.  Results agree exactly with Patterson’s expression.  While sufficient research 
exists pertaining to unsegmented cylindrical channels, little to no attention has been paid to 
segmented (electrically biased) channels analytically. 
 
3.4.6  Finalized SC-µRPA Current Collection Theory 
Recall from Section 3.4.4 that the distribution of speeds for a Maxwellian drifting plasma 
with an applied potential has the form  
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To incorporate the cylindrical channel effects, integration over Ξ  must be performed first.  Next, 
integration over  must be performed from zero to some arbitrary angle ζ , followed by 
integration of ζ  from zero to 
θ
2arctan( 1 )D Y− , followed by a final integration over Y  from 
zero to one.  The number flux is reduced to include only the species traveling through the RPA 
without a wall collision, as per the 100% wall absorption assumption primarily resulting from the 
difference in the electrode and insulating spacer diameters.  The result is the following: 
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Integration yields 
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which is defined as the SC-µRPA current collection equation.  As in the case of a drifting 
Maxwellian plasma with an applied potential as developed in spherical coordinates, the multiple 
error functions of a cosine require numeric integration, as detailed in Chapter 4.   
 The order of integration for the SC-µRPA current collection equation can be rearranged 
to produce a single integral.  First, to perform integration over ζ  before integration over φ , the 
bounds of the inner two integrals are modified to integrate over the same 2-dimensional space.  
Specifically, integration over ζ  is now performed from φ  to 2( 1 )D Y−arctan  while 
integration over φ  is performed from 0 to 2arctan( 1D − )Y .  Next, the φ  and Y  orders of 
integration are switched, resulting in bounds of 0 to 
2
2
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D
 for integration over Y  and 
bounds of 0 to  for integration over φ .  The resultant triple integral is given by arctan( )D
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Integration over ζ  and Y  can be performed resulting in a single integral, still requiring numeric 
integration, as shown by 
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This rearrangement of the order of integration and simplification was performed after the 
development and implementation of the Triple Numeric Integration (TNI) program as described 
in Chapter 4. 
3.5  Development of the MC-µRPA Current Collection Theory 
        The directionality of the Microchannel plate (MCP) as caused by the diameter to length 
ratio of roughly D  allows for the valid assumption that the applied retarding 
potential and the cylindrical channel effects can be treated as independent flux limitations.  In 
other words, all geometric flux limitation occurs within the microchannels while voltage 
0.04 1= 
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sweeping occurs in the µRPA electrode series, or main µRPA channel, where the plasma is 
already directional.  Similarly, since the MCP is spot-welded to the FE, the MCP is also 
inherently left floating.  Therefore, minimal flux limitation due to the electrode series geometry 
occurs in the electrode series and minimal voltage sweeping occurs within the microchannels. 
        The resultant CCT requires the calculation of an MCP transmission fraction defined in a 
similar manner as done for the µRPA electrode series in Partridge and Gatsonis (2003), as shown 
by 
 MCPMCP
( , )
( , )
cc
cc
N S D
N S
χ = ∞ . (3.71) 
The numerator represents the flux exiting a microchannel (exiting flux), and the denominator 
represents the flux through an infinitely thin orifice of the same diameter (entering flux).  The 
current collection equation for the MC-µRPA is then the product of the transmission fraction 
with the classic RPA current collection theory as shown by 
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    (3.72) 
The area, A , corresponds to the effective transparent area of the MCP, which can be calculated 
as the area of one microchannel area multiplied by the effective number of microchannels. 
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4. DETERMINATION OF ION PARAMETERS & RESULTS 
Section 4.1 describes the numeric integration process of the Current Collection Theory 
(CCT) for the Single-Channel micro Retarding Potential Analyzer (SC-µRPA), while Section 4.2 
presents validation and a derivation for the error associated with the numeric integration process.  
Investigations into the application of the Multi-Channel micro-Retarding Potential Analyzer 
(MC-µRPA) CCT to the SC-µRPA is shown in Section 4.3, and serve only as order of magnitude 
approximations, as proven by comparisons to DSMC/PIC simulations.  Results of the SC-µRPA 
CCT are presented and analyzed in Section 4.4 for monatomic carbon and xenon species, as well 
as data for the MC-µRPA.  Determination of ion parameters from all three CCTs (classical RPA, 
SC-µRPA, and MC-µRPA) is detailed in Section 4.5. 
 
4.1  Integration of the SC-µRPA Current Collection Theory 
        Due to the functionally dependent upper bounds, math solvers such as Maple, Mathematica, 
and Mathcad were unable to numerically integrate the SC-µRPA current collection equation at 
relatively low plasma temperatures (less than 10 eV).  Subsequently, a Triple Numeric Integrator 
(TNI) program was developed in FORTRAN to accurately calculate the expected collector plate 
current for virtually any set of plasma parameters and RPA dimensions.  The program 
incorporated a series of nested Simpson’s rule approximation subroutines, the layout of which is 
seen in Figure 32.   
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Figure 32.  Triple Numeric Integrator schematic. 
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Integration of the current collection equation must be performed from the innermost 
integral to the outermost integral, as opposed to being integrated separately, due to the 
functionally dependent upper bounds.  Therefore, an entire Simpson’s rule approximation must 
be performed for the middle integral for every one subinterval calculation for the outermost 
integral’s approximation.  Similarly, an entire Simpson’s rule approximation for the innermost 
integral is required when performing each subdivision calculation of that middle integral’s 
approximation.  The innermost integral contains approximately 150 operations, with both the 
middle and outermost integral containing roughly five operations each.  A subinterval resolution 
of 100 x 100 x 100 for the outermost, middle, and innermost integrals respectively requires 
10,000 Simpson’s rule subinterval calculations for the middle integral, which in turn requires 
1,000,000 subinterval calculations for the innermost integral.  The result involves more than 
150,050,500 operations total.  The TNI program defined smaller functions, those which 
depended only upon S and V, to minimize computational time.  Particularly, the trigonometric 
and exponential functions in the fourth through eighth terms as well as the error functions in the 
seventh and eight terms of the current collection expression were calculated once for each 
Simpson’s rule approximation, as opposed to recalculating them during every subinterval 
calculation. 
Test cases of various triple integrals with functionally dependent upper bounds were run 
at various resolutions to ensure validity of the triple numeric integrator.  Specifically, testing the 
TNI program by inserting a quadratic function into all three integrands as well as the innermost 
and middle upper bound would yield an exact value with a subinterval resolution of anything 
greater than 1,000 x 1,000 x 1,000. 
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As for the current collection equation, there was less than a 2% error with subdivision 
resolution of 10,000 x 10,000 x 1,000 for the outer, middle, and inner integral respectively, as 
compared to math solver results at the available high temperature cases (greater than 10 eV).  
Increasing the inner integral subintervals from 1,000 to 10,000 would only slightly increase 
accuracy (ranging from a 0.45% to 0.70% increase for carbon plasma) at the cost of significant 
computational time, since the inherent accuracy of the Simpson’s approximation method is based 
on the fourth derivative of the integrated function.   
 
4.2  Validation and Error 
        Comparison of the triple numeric integrator data to that of existing complimentary data 
(greater than 10 eV) from the math solver was required to check the validity of the program.  I-V 
curve comparisons for the test µRPA geometry of  at various effective potentials are 
shown in Figure 33.  The voltage sweep was performed for carbon at ion speed ratios of 
, with n  m-3.  S  is shown, containing the largest error of 
1.3% at φ 80.0 V.  Subinterval resolution was 10,000 x 10,000 x 1,000 for the outermost, 
middle, and innermost integral respectively.  Results also agree with those calculated from 
equation (3.70) for all temperature cases. 
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Figure 33.  Validation of the Triple Numeric Integrator program. 
 
The TNI program error associated with the Simpson’s rule approximations can be 
calculated by compounding the error for each integral as a function of the integral bounds, the 
number of subintervals, and the fourth derivative of the integrand.  These errors cannot be 
compounded serially, since integrations are not performed serially.  Rather, an expression must 
be derived which takes into account the nested integration process. 
For a single integral with finite bounds, the Simpson’s rule approximation error has been 
defined as 
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−≤ )  (4.1) 
where  is the maximum absolute value of the fourth derivative of the integrand , 
assuming that n  is even and  is continuous on the interval [ ,  (Edwards and Penney, 
1982). 
4M ( )f x
( )f x ]a b
        For a triple integral with functionally dependent upper bounds in both the innermost and 
middle integrals, kept in a generalized form as  
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where the subscripts Ou , , and In  correspond to the outermost, middle, and 
innermost integral respectively.  Also, the step sizes are defined as 
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The summations account for each Simpson’s rule approximation performed.  The domains of 
 and M  are M c  and M d .  However, 
because the calculation of g  and  is inherently recursive, it is necessary to use the maximum 
value of g  and g  to ensure an overestimation of each Simpson’s rule approximation’s error.  
That is, ∆ =  and ∆ = .  The domains of M  and 
 are then modified to [ ,  and [ ,  respectively, allowing for a constant 
maximum value for each M  to be used for the entire summation.  The summations can then be 
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For the specific case of the current collection equation: 
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while  is more than 2,500 terms in length.  Exact values of  were calculated in Mathematica 
for each case.  M  for the test geometry of D  and M , 
occurring at low effective retarding potentials and S .   For the test geometry, the total 
error of the triple numeric integration becomes 
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This formula provides a consistent yet overestimated value for the test geometry (final design) 
error, based on the nested Simpson’s approximations of the TNI program. 
Validation of the SC-µRPA CCT is performed by comparing it to the previously derived 
extreme cases:  1. The case of a relatively thin orifice at various potentials as shown in Figure 34.  
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2. The case of an unbiased or unsegmented channel of various diameter to length ratios, as 
shown in Figure 35.  Test case parameters used can be seen in Table 3.  Again, the test case 
assumed a single monatomic species of positively charged carbon ions.   
 
Parameter Test Case Value Unit 
Ion Mass 2.0076x10-26 kg 
Ion Number Density 1.0x1018 m-3 
Ion Drift Velocity 15,000 m/s 
Ion Temperature 10 eV 
Effective Retarding Potential 0.01, 14.10, 30.00, 50.00, 64.10, 80.00 V 
 
Table 3.  Test case parameters for finalized SC-µRPA CCT validation. 
 
 The validity of the final current collection theory can be confirmed by comparing results 
with each separate flux limitation effect.  By definition, the final current collection theory 
applied to the case of a planar RPA should reduce to the classic RPA current collection theory.  
Similarly, the final current collection theory applied to a neutral flux through a cylindrical 
channel should produce results comparable to that of Hughes and De Leeuw (1965).   
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Figure 34.  SC-µRPA CCT validation: Thin orifice. 
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Figure 35.  SC-µRPA CCT validation: Unsegmented channel. 
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There is some error at low diameter to length ratios, but the SC-µRPA CCT shows overall 
agreement with both extreme cases. 
 
4.3  SC-µRPA CCT Approximation using the MC-µRPA CCT
Without an attached Microchannel Plate (MCP), cylindrical flux limitations and voltage 
sweeping both occur throughout the SC-µRPA.  Applying the MC-µRPA CCT from the previous 
Chapter (transmission fraction, etc…) would falsely incorporate these complexities, and could 
therefore only serve as magnitude approximations.  As reported in Partridge and Gatsonis 
(2003), the aforementioned approximations are compared to Direct Simulation Monte 
Carlo/Particle In Cell (DSMC/PIC) simulations of the SC-µRPA channel from Spirkin and 
Gatsonis (2003).  The domain, consisting of unstructured tetrahedrons, is shown in Figure 36.   
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Figure 36.  SC-µRPA cross section and computational domain. 
 
Carbon ions and electrons were injected at the FE, while the SESE exit surface served as 
the collector plate.  A list of test case parameters as used by the CCT approximation and 
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DSMC/PIC simulations can be seen in Table 4.  Other simulation parameters can be found in 
Spirkin and Gatsonis (2003). 
The test case assumed a single monatomic species of positively charged carbon ions.  The 
effective retarding potential of 0.01 V was chosen since 0.00 V would yield a divide by zero 
error in the CCT calculation.  14.10 V corresponds to the effective energy of an ion traveling at 
exactly the drift velocity.  64.10 V corresponds to the effective energy of an ion traveling at 
exactly the drift velocity plus the energy associated with the ERE potential (50 eV).  An electron 
and ion number density of 1x1018 m-3 was assumed and then reduced to 5.5x1016 m-3 based on 
initial transparency estimates for the MCP.  Despite the fact that the MCP was not implemented 
in either the test case or the simulations, the constraint is that while the values may be arbitrary, 
they must be the same for true comparison between CCT approximation and simulation.  The 
most probable (thermal) electron velocity is much greater than the mean (drift) electron velocity.  
Therefore, the electrons were not assigned a drift velocity as the most probable velocity was 
sufficient to describe electron repulsion within the µRPA channel during DSMC/PIC simulations 
(Spirkin and Gatsonis, 2003).   
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Parameter Test Case Value Unit 
Ion Mass 2.0076x10-26 kg 
Ion Number Density 5.5x1016 * m-3 
Ion Drift Velocity 15,000 m/s 
Ion Temperature 10 eV 
Effective Retarding Potential 0.01, 14.10, 30.00, 50.00, 64.10, 80.00 V 
Electron Number Density 5.5x1016 * m-3 
Electron Drift Velocity 0 m/s 
Electron Temperature 10 eV 
   
* 1.0x1018 m-3 reduced by MCP transparency estimate 
(Partridge et al, 2003) 
 
Table 4.  Test case parameters for SC-µRPA CCT approximation and DSMC/PIC simulation comparison. 
 
 The initial CCT approximation is compared to the DSMC/PIC simulated results in Figure 
37.  At most, the error is roughly plus or minus one order of magnitude.  The comparison is 
useful in that the complexities not included in this approximation are critical if the desired result 
is to describe the SC-µRPA within an order of magnitude. 
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Figure 37.  Simulated and theoretical collector plate current vs. effective ion retarding potential 
for n = 5.5x1016 m-3, Cm = 12,635 m/s, r = 1x10-4 m, D = 0.095, and S = 1.187. 
 
 
A collisionless DSMC simulation was performed at various speed ratios to compare theoretical 
results for an unsegmented channel.  The comparison can be seen in Figure 38 and shows 
reasonable agreement.   
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Figure 38.  Number flux at various speed ratios through an unsegmented channel for n = 5.5x1016 m-3, Cm = 
12,635 m/s, r = 1x10-4 m, and D = 0.095. 
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4.4  Results and Discussion 
Figure 39 and Figure 40 contain data generated by the triple numeric integrator program 
for a broad range of monatomic carbon and xenon plasmas.  All plasmas are assumed to consist 
of a single species of singly-charged monatomic positively charged ions, with all electrons 
assumed to have been completely repelled by the ERE and SESE.  The test µRPA geometry used 
throughout the TNI computations has a diameter d 200 µm and length l 2,100 µm, resulting 
in a diameter to length ratio of D 0.095 with no MCP (The TNI program operates under the 
SC-µRPA regime).  I-V curves were generated for both plasmas at three ion number densities 
( 1x1015 m-3, 1x1018 m-3, and 1x1021 m-3), three ion temperatures (T 0.1 eV, 1.0 eV, and 
10.0 eV), and three ion speed ratios (S 0.1, 1.0, and 5.0).  Similar to previous voltage sweeps, 
data points were calculated at effective ion retarding potentials of φ 0.01 V, 14.1 V, 30.0 V, 
50.0 V, 64.1 V, and 80.0 V.  Error bars generated from (4.8) are displayed on Figure 39 and 
Figure 40.   
= =
=
≈
n =
=
eff =
The maximum error is less than 60%, occurring at zero ion retarding potential and 
relatively high ion speed ratios.  However, this is an artifact of the overestimation of the error, 
since at these ion speed ratios and effective retarding potentials the TNI program operates most 
efficiently.  A majority of the error bars are less than 5%, which do not appear on a logarithmic 
scale.   
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Figure 39.  Carbon data as calculated by the TNI program, no MCP.
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Figure 40.  Xenon data as calculated by the TNI program, no MCP. 
 75
It can be seen that at relatively low temperatures, the ions are exceedingly susceptible to 
even the slightest retarding potential, regardless of the speed ratio.  At higher temperatures, 
however, high ion speed ratios tend to eliminate the effects of the retarding potential.  The 
magnitudes of the predicted collector plate current values at relatively low ion retarding 
potentials (less than 20 V) are of particular importance.  Magnitudes at relatively high ion 
temperatures range from microamps to nanoamps, which is to be expected during experimental 
implementation of the µRPA.  
A comparison of the MC-µRPA CCT with a DSMC/PIC simulation can be seen in Figure 
41.  The test case parameters and geometries, as well as the simulation injection parameters are 
the same as in the SC-µRPA validation, except that the ion number density was increased to 
1x1018 m-3.  This was done to ensure a measurable current within the simulation, in accordance 
with the fact that if the number density was lower, the MCP would no longer be needed.  The 
MCP was modeled as 13 separate microchannels attached to the FE, each of 2 µm in diameter 
and 100 µm in length.   
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Figure 41.  MC-µRPA CCT comparison to DSMC/PIC simulation results. 
 
The comparison shows similar trend agreement and accuracy to within one order of magnitude.  
Reasonable agreement exists between 0 V and 15 V.  Error within the MC-µRPA CCT exists in 
the assumption of directionality solely occurring within the MCP, while in reality, the single 
channel electrode series also collimates the flux.   
 
 
4.5  Extraction of Plasma Parameters 
  In the case of traditional gridded RPAs, nonlinear least squares regression analysis of the 
classical RPA current collection theory has been applied to extract ion parameters from 
experimentally obtained I-V curves.  Specifically, ion number density, ion velocity, ion 
temperature, and species concentration can be calculated for each individual species’ distribution 
function (Shumlak et al, 2003).  While nonlinear least squares fitting is an iterative process, it 
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requires a given analytic expression and convergence depends on realistic initial guess values of 
the unknown parameters as compared to the final values.   
  For a general function  which has m  number of known values denoted by 
, nonlinear least squares fitting can be applied to solve for n  number of 
parameters (λ ) upon which  is dependent, such that .  In order to 
determine the values λ  which satisfy the following set of overdetermined system of 
equations given by 
( )if x
1 1( ),..., ( )mf f x f x=
1,..., nλ ( )f x 1( ; ,... )nf x λ λ
1,..., nλ
    (4.9) 1 1 1( ; ,..., )my f x λ λ=
#  
  .  (4.10) 1( ; ,...,m my f x λ λ= )m
λ
Based on an initial guess for each λ  parameter, the difference between the known value and the 
function value at the initial guess can be calculated at each x  value, denoted by 
  . (4.11) 1( ; ,..., )i i i md y f xβ λ= −
Since the objective of this process is to reduce this difference to zero, the change d , used to 
calculate the next iteration of  values, can be estimated with the following linearization: 
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the component form of 
    (4.14) i ijd A dβ λ= i
can be expressed in matrix form as 
    (4.15) d dβ λ= AG G
where d  and dβG λG  are vectors having n  components as outlined by Bevington (1969). 
  In order to solve for dλG , the matrix equation must be arranged such that Gaussian 
elimination can be performed.  To do so, the matrix transpose of A  is applied to both sides, 
yielding 
  . (4.16) T T( )dβ =A A AG Gdλ
The matrix equation becomes 
  dλ=b a G   (4.17) 
after the definitions of a A  and  are applied. T= A Tdβ=b A G
  Solving for dλG  and applying it to the λ  parameters allows for calculation of the next 
.  This process is repeated until a specified minimum acceptable value for either ddβG λG  or d  is 
reached (Bevington, 1969).  After the final iteration, the sum of the square residuals R  is 
calculated as 
βG
2
  .  (4.18) 2R d dβ β= ⋅G G
Convergence speed depends on both the analytic expression itself, as well as relatively accurate 
initial guess values of the  parameters.   λ
  As for the specific case of the classic RPA CCT, the general function  
becomes .  Typically, since the inverse of the most probable ion velocity C  is a 
1( ; ,... )nf x λ λ
m0( ; , ,cp effI v n c β)
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function of the ion temperature T ,  β  is considered as the third λ  parameter until convergence 
for simplicity.  The  matrix is of the form A
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Taking the appropriate derivatives yield 
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Population of the  matrix results in dimensions of  x 3m .  A sufficient number of I-V curve 
data points is required to ensure convergence, as well as the minimization of .   2R
  The ion number density can also be calculated using the maximum ion current once the 
drift velocity is known, using the expression defined by Giffin (1996) as  
  
0
(cp effIn
Ac
φ == 0) . (4.23) 
This method assumes that all ions that enter the electrode series reach the collector plate.   
  Such analysis cannot be applied to the SC-µRPA current collection theory since the 
process is based on numeric integration (i.e. There is no analytical model on which to base the 
nonlinear least squares fitting.).   It is therefore necessary to perform an iterative process of 
comparing the sample I-V data with that generated by the triple numeric integrator.  Prior to 
 80
performing the iteration, the experimental sample data must first be properly smoothed, sized, 
and formatted so as to have the identical resolution (number of data points per Volt of effective 
ion retarding potential) as the TNI-generated curves used in the iterative comparisons.  To do so, 
the sample data is imported from any type of spreadsheet into MATLAB and polyfit to a 
polynomial function of a desired degree.  This removes any severe fluctuations between data 
points and either reduces or enhances the curve to a desired resolution.  That is, if the curve has 
data for every one Volt of effective ion retarding potential, and the resolution of the TNI-
generated I-V curves is specified at every five Volts, new data points using the polyfit curve are 
created accordingly at every five Volts and used for TNI-generated curve comparison.  An 
example of the polyfit process is shown in Figure 42, which has sample data at every one volt 
and the polyfit curve is generated at every four Volts.  In actuality, the expected resolutions of 
experimental data and the desired polyfit would most likely be reversed.  The resolution used for 
comparison would be at least one data point for every one Volt, being constructed from 
experimental data most likely taken at five Volt intervals. 
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Figure 42.  Sample I-V curve data and the polyfit. 
 
 Given a known RPA geometry and assuming a single ion species of known mass, the 
triple numeric integrator program is run at initial guess values for ion density, ion temperature, 
and ion speed ratio to generate an initial I-V curve.  This curve is compared to that of the sample 
I-V curve.  The difference and slope at each data point, as well as the total error at every 5V from 
0V to 20V, is calculated.  Fuzzy logic is employed to increase the precision of each iteration’s 
next guess values and to minimize computational time throughout this process.  This Ion 
Parameter Extraction Method (IPEM) is constrained by the assumption that the µRPA channel is 
at a constant effective ion retarding potential, causing data points at potentials greater than ~25V 
to be ignored.  Relatively high retarding potentials impede nearly all ions, introducing 
directionality into the µRPA electrode series, and thus violating the assumption that this does not 
occur.  A set of four rules was developed using the fuzzy logic toolbox in MATLAB to 
determine parameter modifications for the next iteration.  For example, the primary IPEM rule 
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states that if the current calculated by the triple numeric integrator is greater than that of the 
sample data at an effective potential of 0V, the number density value to be used for the next 
iteration, n , will be decreased by 1x1 .  Once the total error fluctuates between two 
values at every other iteration, indicating that the program has converged, the iteration stops.  Ion 
drift velocity based on ion speed ratio and temperature is calculated, and all final parameters are 
output, including total error.  The IPEM schematic, including specific fuzzy logic rules, is shown 
in Figure 43.   
TNI
( ( ) 1)0 TNIO n −
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Figure 43.  Ion Parameter Extraction Method schematic. 
 
The IPEM program has been tested using sample data and has successfully demonstrated number 
density convergence.  Final output of ion parameters has shown a less than 5% error from actual 
values, with the possibility to decrease the error by improving upon the step sizes used by the 
fuzzy logic rules.  Convergence behavior of the IPEM program is shown in Figure 44. 
 
 84
 0 2 4 6 8 10 12 14 16 18 20
10
-16
10
-15
10
-14
10
-13
10
-12
10
-11
10
-10
10-9
10
-8
10
-7
10
-6
Effective Retarding Potential (V)
C
ol
le
ct
or
 P
la
te
 C
ur
re
nt
 (A
)
Sample Curve
TNI Iteration RECENT
TNI Iteration FIRST
 
0 2 4 6 8 10 12 14 16 18 20
10
-16
10
-15
10
-14
10
-13
10-12
10
-11
10-10
10
-9
10-8
10
-7
10
-6
Effective Retarding Potential (V)
C
ol
le
ct
or
 P
la
te
 C
ur
re
nt
 (A
)
Sample Curve
TNI Iteration RECENT
TNI Iteration FIRST
 
 
 
Iteration = 5 Iteration = 1 
 
0 2 4 6 8 10 12 14 16 18 20
10
-16
10
-15
10
-14
10
-13
10
-12
10
-11
10
-10
10-9
10
-8
10
-7
10
-6
Effective Retarding Potential (V)
C
ol
le
ct
or
 P
la
te
 C
ur
re
nt
 (A
)
Sample Curve
TNI Iteration RECENT
TNI Iteration FIRST
0 2 4 6 8 10 12 14 16 18 20
10-16
10-15
10-14
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
Effective Retarding Potential (V)
C
ol
le
ct
or
 P
la
te
 C
ur
re
nt
 (A
)
Sample Curve
TNI Iteration RECENT
TNI Iteration FIRST
 
 
Iteration = 500 Iteration = 50 
 
Figure 44.  Convergence of TNI-generated I-V curves towards polyfit sample data. 
 
 
Ion parameter extraction in the case of the MC-µRPA follows the nonlinear least squares 
fitting similar to that of the classical RPA current collection theory, due to the assumption that 
cylindrical flux limitations occur independently from the electrode series due to the MCP 
directionality.  The primary difference between the two least squares regressions is the 
incorporation of the MCP transmission fraction , which is a known constant.  The resultant 
derivatives are  
MCPχ
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In this case the area is defined as the total inlet area of the microchannels.  The  matrix is 
populated accordingly.  Iteration is performed until a desired minimum d , 
A
λβG d G , or R  is 
reached. 
2
  The method of calculating the ion number density based on the maximum collector plate 
current as shown by Giffin (1996) can be applied in this case.  Modification of the area and 
inclusion of the MCP transmission is required, yielding 
  
0
( 0cp eff
MCP
I
n
A c
φ
χ
== ) . (4.27) 
Again, the area in this case is defined as the total inlet area of the microchannels.  This method 
can be applied to confirm the accuracy of the ion number density and mean ion velocity as 
calculated through regression. 
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5. CONCLUSIONS & RECOMMENDATIONS 
5.1  Summary 
  To avoid space charge limitations between the ERE and the IRE, micro-Retarding 
Potential Analyzer (µRPA) fluxal entrance area is subjected to the 2 constraint.  Similarly, 
electrode spacing is subjected to the 4 constraint.  For relatively high-density plasmas, this 
constraint either obliges micro-scale RPA dimensions, necessitates filtration of the incident 
plasma through an entrance slit or low-transparency mesh, or a combination of both.  In either 
case the classical RPA current collection theory, which is based on the flux of drifting 
Maxwellian plasma through an electrically biased surface element, is no longer applicable.  
Conversely, plasma filtration and micro-scale RPA dimensions can also result in current signals 
smaller than can be measured or otherwise susceptible to electrical noise.   
Dλ
Dλ
  To increase the range and sensitivity of energy analyzers, a new hybrid µRPA design has 
been developed.  The Single-Channel micro-Retarding Potential Analyzer (SC-µRPA) design 
has been augmented by a Microchannel Plate (MCP), producing a diagnostics tool theoretically 
capable of accurate measurements in plasmas of ion number densities greater than 1x1018 m-3.  
This design has been termed the Multi-Channel micro-Retarding Potential Analyzer (MC-
µRPA).  Electrical phenomena, including space charge limitations and multiple breakdown 
phenomena, were researched to ascertain a list of primary design constraints.  All phenomena are 
theoretically eliminated in the final design.  To confirm the applicability of both µRPA design 
types, as well as to perform post-processing on I-V curve data to extract macroscopic ion 
properties, a viable and flexible Current Collection Theory (CCT) was developed. 
  This research presented the complete derivations and validations of both the SC-µRPA 
and MC-µRPA CCTs capable of accurately portraying a broad range of plasmas.  Since the triple 
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numeric integrator program was based on a series of nested Simpson’s rule approximation 
subroutines, the accuracy of the SC-µRPA CCT is constrained by all three subinterval 
resolutions.  The constant effective retarding potential assumption also applies.  I-V curves are 
presented for two monatomic plasmas at various densities, temperatures, and speed ratios.  Error 
was calculated at each data point based on a derived expression of three compounded Simpson’s 
rule approximation errors.  Validation of the MC-µRPA CCT was performed by comparing 
results to DSMC/PIC simulations, while validation of the SC-µRPA required analysis at the 
infinitely thin orifice regime and the unsegmented channel regime.  Triple numeric integration 
was validated through comparison of high-temperature cases, where numerically integrated I-V 
curves existed previously.  Results indicate acceptable agreement in all cases.  Analysis of the 
data provides confirmation of the increasing influence of retarding potentials as ion temperature 
is increased.  Additionally, curve behavior in the low effective retarding potential range (< 20 V) 
is stable in all cases, proving that both CCTs are satisfactorily robust, and allowing for eventual 
ion parameter extraction. 
 
5.2  Recommendations for Future Work 
  Experimental implementation of the MC-µRPA would allow for confirmation of the 
design concept, and if functioning properly, data collection in relatively high-density plasmas.  
The following specific steps should be completed to provide a full characterization of the MC-
µRPA concept: 
• A proof of concept experiment should be performed to confirm the absence of breakdown 
phenomena within the µRPA.  The plasma source should be steady and of known ion 
parameters.  The aperture dimensions should concur with the aforementioned design 
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constraints, either with or without the MCP.  I-V curves should be generated by averaged 
data points at effective IRE potentials from 0 to 100 V at a resolution of at most every 5 
V.  Langmuir probes should be used to confirm the ion parameters measured.  A Faraday 
cup probe should be used to provide ion current density measurements. 
• Demonstration of the IPEM program for a specific sample I-V curve, preferably the proof 
of concept data, will confirm that the post-processing works properly.  This will also 
allow for the development of an error expression based on the experimental accuracy of 
the µRPA, as well as the IPEM program.  Again, both CCTs operate under the 
assumption that the entire µRPA channel is at a constant potential, resulting in a minimal 
but unavoidable computational error.   
• DSMC/PIC simulations should be performed once more precise plasma parameter values 
are known.  The combination of analytical, experimental, and computational results will 
provide for a comprehensive diagnostics device. 
• Should there exist significant error amongst TNI-generated I-V curve data and 
corresponding experimental data, normalization of the curves similar to previous RPA 
research would determine if the problem existed in current magnitude or I-V curve slope. 
o Slope error can be eliminated by implementing an RPA of larger aperture 
dimensions in parallel to the µRPA.  The increased signal, while inducing space 
charge limitations, should provide a more accurate I-V curve slope, but of an 
incorrect magnitude.  The curve could then be compared to the µRPA data, which 
would have an accurate magnitude. 
o Magnitude error indicates a problem with electrical noise and can be eliminated 
by supplementing the experiment with a Langmuir probe, or by increasing the 
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signal strength.  Electrical noise could also be minimized by averaging multiple 
current measurements for each effective potential interval, as well as averaging 
the current magnitude taken over extended time periods to generate each current 
measurement.  There may be more sources of magnitude error, including leakage 
current or error in the calculation of effective potential, which would need to be 
quantified.   
• Direct comparison of the signal strengths and IPEM results for both the SC-µRPA and 
MC-µRPA would ultimately indicate the validity of the MCP, provided that the extracted 
parameters show reasonable agreement. 
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APPENDIX A.  µRPA Design Considerations & Final Design Parameters. 
 
µRPA Design Constraints: 
 
Dimension of aperture channel diameter <  2 Dλ• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
Dimensions of aperture electrode spacings <  4 Dλ
Electrode series and collection plate isolation from SS hood 
Collector plate proximity to electrode series 
Collector plate ‘isolation’ from walls (eliminating pressure buildup) 
MCP hole array density 
MCP distance from electrode series 
Wire feed-through and shielding 
Reduction of wire tension 
Wire attachments through spot welding, soldering, and/ or set screws 
Vacuum exposure to all cavities 
 
Possible Operational Problems: 
Deposition of propellant in MCP and/or electrode series • 
• 
• 
• 
Surface discharging/ arcing between electrodes 
Melting of insulator material, particularly within electrode series 
Current signal too low/ susceptible to electrical noise 
 
 
Aperture Fabrication at MEMS Foundry 
Deposition of material to desired thicknesses (within tolerance) • 
• Possible limitations include: 
o Etching of central channel (Ranging from 2µm to 30 µm) 
o Substrate wafer blockage of central channel (must be removed) 
o Aperture dexterity (could fracture easily) 
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Overall thickness of aperture would have to range from 266 µm (0.010”) to 490 µm 
(0.019”) 
• 
Wire tabs easily included through fabrication • 
 
Aperture Fabrication using EDM: 
Limited by EDM capabilities, smallest possible hole is 200 µm (0.008”) • 
• 
• 
• 
• 
Electrode and insulator thicknesses limited by material available, 100 µm Moly (0.004”) 
Alignment process still necessary 
Overall thickness of aperture does not vary, rather it stays constant at > 2100 µm (0.084”) 
Floating mesh (MCP) necessary; fabricated through laser microdrilling 
 
Electrode Thickness 101 µm
Electrode Material
Insulating Spacer Thickness 381 µm
Insulating Spacer Material
Electrode Series Channel Length 2029 µm
Electrode Series Channel Diameter 200 µm
Microchannel Length 101 µm
Microchannel Diameter 3 µm
Microchannel Spacing 50 µm
Microchannel Offset 30 O
MCP Channels per Area 4.62x10-4 µm-2
MCP Geometric Acceptance Angle 0.851 O
MCP Angular Resolution 6.93x10-4 sr
MCP Transparency 0.386 %
MCP Material
Collector Plate Area 0.1104 in2
Collector Plate Material
Overall Probe Diameter 2.5 in
Overall Probe Length 2.0 in
Molybdenum
Teflon
Molybdenum
Molybdenum
 
Table 5.  µRPA design parameters and materials. 
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APPENDIX B.  Triple Numeric Integrator Program Code (FORTRAN) 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c                                                            c 
c                 TRIPLE NUMERIC INTEGRATOR                  c 
c                   for FLUX CALCULATIONS                    c 
c                                                            c 
c     This program numerically integrates triple integrals   c 
c    with functionally dependent upper bounds            c 
c        using a Simpson's Rule approximation.               c 
c                                                            c 
c     * Nested subroutines are used to avoid recursion.      c 
c     * Integrands, lower bounds, outer upper bound, and     c 
c          number of intervals can be specified.             c 
c     * Inner upper bound is specified function of           c 
c          middle integrand.                                 c 
c     * Middle upper bound is specified function of          c 
c          outer integrand.                                  c 
c     * Outer upper bound must be finite & specified.        c 
c     * Calculates flux for SC-muRPA                         c 
c                                                            c 
c               [Jim Partridge -- 2005]                      c 
c                                                            c 
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      program TNIF 
c 
      real(8) m,T,ni,S,c0,beta,phieff,V,r,l,D,Pi,Boltz,q,I,Ncc 
 real(8) xa,xb,x0,x1,x2,val1,h 
      real(8) ya,yb,y0,y1,y2,val2,hh 
      real(8) za,zb,z0,z1,z2,val3,hhh  
 real    starttime 
      real    endtime 
 real    totaltime 
      integer n,nn,nnn 
c 
c     Physical parameters: 
c 
c     m      = ion mass                           [kg] 
c     T      = ion temperature                    [eV] 
c     ni     = ion number density                 [m**-3] 
c     S      = ion speed ratio                    [1] 
c     c0     = most probable ion velocity         [m/s] 
c     beta   = inverse of c0                      [s/m] 
c     phieff = effective ion retarding potential  [Volts] 
c     V      = beta*phieff velocity equivalent    [1] 
c     r      = channel radius                     [m] 
c     l      = channel length                     [m] 
c     D      = channel diameter to length ratio   [1] 
c     Pi     = Pi                                 [1] 
c     Boltz  = Boltzmann's constant               [J/K] 
c     q      = electron charge                    [C] 
c     Ncc    = number flux                        [#/s] 
c     I      = total ion current                  [A] 
c 
c     Input ion parameters 
      m=2.0076E-26 
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      T=1. 
 ni=5.5E16 
      S=1.187 
 phieff=0.01 
 r=100.0E-6 
      l=20.0E-6 
 Boltz=1.381E-23 
 q=1.602E-19 
c      
c     Initialize output variables 
 Ncc=0. 
 I=0. 
c 
c     Calculate remaining parameters 
      c0=sqrt(2*Boltz*T*11604/m) 
      beta=1/c0 
      D=2*r/l 
      V=sqrt(2*1.602E-19*phieff/m) 
     + *beta 
 Pi=4*atan(1.) 
c 
c     Simpson's Rule parameters: 
c 
c     xa     = lower bound, outer integral 
c     ya     = lower bound, middle integral 
c     za     = lower bound, inner integral 
c     xb     = upper bound, outer integral 
c     yb     = upper bound, middle integral 
c     zb     = upper bound, inner integral 
c     x0,1,2 = Simpson points, outer integral 
c     y0,1,2 = Simpson points, middle integral 
c     z0,1,2 = Simpson points, inner integral 
c     val1   = Simpson's approximation, outer integral 
c     val2   = Simpson's approximation, middle integral 
c     val3   = Simpson's approximation, inner integral 
c     h      = interval size, outer integral 
c     hh     = interval size, middle integral 
c     hhh    = interval size, inner integral 
c     n      = number of intervals, outer integral 
c     nn     = number of intervals, middle integral 
c     nnn    = number of intervals, inner integral 
c 
c     Input bounds and number of intervals 
 xa=0 
 xb=1 
 n=1000 
c 
 ya=0 
c     yb=g(x)  ! Middle upper bound is dependent on x 
 nn=100 
c 
 za=0 
c     zb=y     ! Innermost upper bound = y 
 nnn=100 
c 
c     Compute interval size 
      h = (xb-xa)/n 
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      hh = 0.  ! Middle interval size is dependent on x 
 hhh = 0. ! Innermost interval size is dependent on y 
 write(6,*)'h = ',h 
c 
c     Initialize Simpson's Rule interval function values 
      x0 = 0. 
      x1 = 0. 
      x2 = 0. 
 y0 = 0. 
      y1 = 0. 
      y2 = 0. 
      z0 = 0. 
      z1 = 0. 
      z2 = 0. 
c 
c     Calculate integral through nested subroutines 
c         simpson1 calls simpson2 
c         & simpson2 calls simpson3 
      call CPU_TIME(starttime) 
 call simpson1(val1,x0,x1,x2,xa,h,n, 
     +              val2,y0,y1,y2,ya,hh,nn, 
     +              val3,z0,z1,z2,za,hhh,nnn,D,Pi,S,V,blah) 
c 
c     Calculate Ncc, I, & total time 
      Ncc = 2*ni*r*l*val1/(sqrt(Pi)*beta) 
      I = q*Ncc 
      call CPU_TIME(endtime) 
      totaltime = endtime-starttime 
c 
c     Output 
 write(6,*)' ' 
      write(6,*)'INPUT PARAMETERS:' 
 write(6,*)' ' 
      write(6,*)'Ion Mass, m =                 ',m,' kg' 
 write(6,*)'Ion Temperature, T =         ',T,'  eV' 
 write(6,*)'Ion Number Density, ni =      ',ni,' m^-3' 
 write(6,*)'Ion Speed Ratio, S =         ',S 
 write(6,*)'Effective I.R.E. Potential = ',phieff,'  Volts' 
 write(6,*)'Channel Length =              ',l,' m' 
 write(6,*)'Channel Radius =              ',r,' m' 
 write(6,*)'Interval Resolution =        ',n,' x ',nn,' x ',nnn 
 write(6,*)' ' 
 write(6,*)'RESULTS: ' 
      write(6,*)' ' 
 write(6,*)'Most Probable Ion Velocity, c0 =      ',c0,' m/s' 
 write(6,*)'Inverse of c0, beta =                 ',beta,' s/m' 
 write(6,*)'Velocity Equivalent of Phi_eff * beta, V =   ',V 
 write(6,*)'Channel Diameter to Length Ratio, D = ',D 
      write(6,*)'Total Integral Value, val1 = ',val1 
 write(6,*)'Total Number Flux, N[cc] =            ',Ncc,' #/s' 
 write(6,*)' ' 
      write(6,*)'Total Collector Plate Current, I =    ',I,' A' 
      write(6,*)'Total Time: ',totaltime,' s'  
 write(6,*)' ' 
c 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
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      function f1(x)  ! Outer integrand function 
      real(8) x 
      f1 = 1 
c      f1 = x**2  ! Test Case 
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      function f2(y)  ! Middle integrand function 
      real(8) y 
      f2 = 1/(cos(y)*cos(y)) 
c      f2 = y**2  ! Test Case  
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      function f3(S,V,z,Pi)  ! Inner integrand function 
      real(8) z,S,V,exp1,exp2,erf1,Pi 
 
      exp1 = g1(S,V,z) 
 exp2 = g2(S,V,z,Pi) 
 erf1 = erf((V-S*cos(z)*cos(z))/cos(z)) 
c 
c 
      f3 = tan(z)*exp((-V*V-2*S*S*cos(z)*cos(z) 
     +                 +S*S*cos(z)*cos(z)*cos(z)*cos(z)) 
     +                 /(cos(z)*cos(z)))* 
     +     (cos(z)*cos(z)*exp1 
     +      +S*cos(z)*cos(z)*exp1 
     +      +V*V*exp1 
     +      +S*S*cos(z)*cos(z)*cos(z)*cos(z)*exp1 
     +      +1.5*exp2 
     +      +S*S*cos(z)*cos(z)*exp2 
     +      -S*S*cos(z)*cos(z)*exp2*erf1 
     +      -1.5*exp2*erf1)   
c 
c      f3 = z**2  ! Test Case 
c 
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      function g1(S,V,z)  ! Flux function 1 
      real(8) S,V,z 
      g1 = exp(2*V*S+S*S-S*S*cos(z)*cos(z)) 
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      function g2(S,V,z,Pi)  ! Flux function 2 
      real(8) S,V,z,Pi 
      g2 = sqrt(Pi)*S*cos(z)*cos(z)*cos(z)* 
     +     exp((V*V+S*S*cos(z)*cos(z))/(cos(z)*cos(z))) 
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      function erf(w)  ! Calculates the error function 
      real(8) w,Bee,Cee,Dee,Tee 
      Bee=abs(w) 
 IF (Bee.GT.4.) THEN 
   Dee=1. 
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      ELSE 
   Cee=EXP(-Bee*Bee) 
   Tee=1./(1.+0.3275911*Bee) 
   Dee=1.-(0.254829592*Tee-.284496736*Tee*Tee 
     +          +1.421413741*Tee*Tee*Tee-1.453152027*Tee*Tee*Tee*Tee 
     +          +1.061405429*Tee*Tee*Tee*Tee*Tee)*Cee 
 END IF 
 IF (w.LT.0.) Dee=-Dee 
      erf = Dee 
 return 
 end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      subroutine simpson1(val1,x0,x1,x2,xa,h,n, 
     +                    val2,y0,y1,y2,ya,hh,nn, 
     +                    val3,z0,z1,z2,za,hhh,nnn,D,Pi,S,V,blah) 
c 
      real(8) val1,x0,x1,x2,xa,h 
 real(8) val2,y0,y1,y2,ya,x,hh 
 real(8) val3,z0,z1,z2,za,y,hhh,D,blah 
      integer n,nn,nnn 
c     x = Used for computing Simpson points of outer integral 
c            and upper bound of middle integral 
c     y = Used for computing Simpson points of middle integral 
c            and upper bound of inner integral 
 val1=0. 
 val2=0. 
 val3=0. 
c 
c     CALL SIMPSON2 
      call simpson2(val2,y0,y1,y2,xa,ya,hh,nn, 
     +                 val3,z0,z1,z2,y,za,hhh,nnn,D,Pi,S,V,blah) 
 x0 = f1(xa)*val2 
 
c     CALL SIMPSON2 AGAIN 
 call simpson2(val2,y0,y1,y2,xb,ya,hh,nn, 
     +                 val3,z0,z1,z2,y,za,hhh,nnn,D,Pi,S,V,blah) 
 x0 = x0 + f1(xb)*val2 
      x1 = 0. 
      x2 = 0. 
c 
      do i=1,n-1 
c  write(6,*)'Lower Bound = ',x 
       x = xa + i*h 
  y0 = f2(ya) + f2( 
c     +     x**2) 
     +  atan(D*sqrt(1-(x*x))))   
 
                 ! Set middle upper bound to desired f(x) 
  y1 = 0. 
       y2 = 0. 
       if (mod(i,2).eq.0) then 
         call simpson2(val2,y0,y1,y2,x,ya,hh,nn, 
     +                 val3,z0,z1,z2,y,za,hhh,nnn,D,Pi,S,V,blah) 
    x2 = x2 + f1(x)*val2 
    write(6,*)'Upper Bound = ',x 
c    write(6,*)'    val2 = ',val2 
c    write(6,*)'    x2 = ',x2 
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       else 
         call simpson2(val2,y0,y1,y2,x,ya,hh,nn, 
     +                 val3,z0,z1,z2,y,za,hhh,nnn,D,Pi,S,V,blah) 
    x1 = x1 + f1(x)*val2 
    write(6,*)'Upper Bound = ',x 
c    write(6,*)'    val2 = ',val2 
c    write(6,*)'    x1 = ',x1   
  endif 
      enddo 
c 
      val1 = h*(x0 + 2*x2 + 4*x1)/3. 
c 
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      subroutine simpson2(val2,y0,y1,y2,x,ya,hh,nn, 
     +                    val3,z0,z1,z2,y,za,hhh,nnn,D,Pi,S,V,blah) 
c 
      real(8) val2,y1,x,ya,hh,y2,y0 
 real(8) val3,z1,y,za,hhh,z2,z0,D,blah 
      integer nn,nnn 
c 
      val2=0. 
 val3=0. 
c 
c     CALL SIMPSON3 
      call simpson3(val3,z0,z1,z2,ya,za,hhh,nnn,Pi,S,V) 
 y0 = f2(ya)*val3 
  
 blah=atan(D*sqrt(1-(x*x))) 
c CALL SIMPSON3 AGAIN 
      call simpson3(val3,z0,z1,z2,blah,za,hhh,nnn,Pi,S,V) 
 y0 = y0 + f2( 
c     +     x**2)*val3  
     +  atan(D*sqrt(1-(x*x))))*val3   
 ! Set middle upper bound to desired f(x) 
      y1 = 0. 
      y2 = 0. 
c 
      hh = ( 
c     +     (x**2) 
     +atan(D*sqrt(1-(x*x))) 
     +       -ya)/nn   
 ! Set middle upper bound to desired f(x) 
c 
      do j=1,nn-1 
c  write(6,*)'     Lower Bound = ',y 
       y = ya + j*hh 
  z0 = f3(S,V,za,Pi) + f3(S,V,y,Pi)   
                  ! Set inner upper bound to desired g(y) 
  z1 = 0. 
       z2 = 0. 
       if (mod(j,2).eq.0) then 
         call simpson3(val3,z0,z1,z2,y,za,hhh,nnn,Pi,S,V) 
         y2 = y2 + f2(y)*val3 
c    write(6,*)'     Upper Bound = ',y 
       else 
 103
 104
    call simpson3(val3,z0,z1,z2,y,za,hhh,nnn,Pi,S,V) 
    y1 = y1 + f2(y)*val3 
c    write(6,*)'     Upper Bound = ',y 
       endif 
      enddo 
c 
      val2 = hh*(y0 + 2*y2 + 4*y1)/3. 
c write(6,*)'     val2 = ',val2 
c 
c      val2=1.  ! If uncommented, will yield a single integral 
c 
      return 
      end 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
      subroutine simpson3(val3,z0,z1,z2,y,za,hhh,nnn,Pi,S,V) 
c 
 real(8) val3,z1,y,za,hhh,z2,z0,z,blah 
      integer nnn 
c 
 val3=0. 
c 
 z0 = f3(S,V,za,Pi) + f3(S,V,y,Pi)  ! Set inner upper bound to 
desired g(y) 
      z1 = 0. 
      z2 = 0. 
c 
      hhh = (y-za)/nnn  ! Set inner upper bound to desired g(y) 
c 
      do k=1,nnn-1 
c  write(6,*)'          Lower Bound = ',z 
       z = za + k*hhh 
       if (mod(k,2).eq.0) then 
         z2 = z2 + f3(S,V,z,Pi) 
c         write(6,*)'          Upper Bound = ',z 
c    write(6,*)'    f3 = ',f3(S,V,z,Pi) 
       else 
    z1 = z1 + f3(S,V,z,Pi) 
c         write(6,*)'          Upper Bound = ',z 
c    write(6,*)'    f3 = ',f3(S,V,z,Pi) 
       endif 
      enddo 
c 
      val3 = hhh*(z0 + 2*z2 + 4*z1)/3. 
c 
c      val3=1.  ! If uncommented, will yield a double integral 
c 
c      write(6,*)'             val3 = ',val3 
c 
      return 
      end 
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